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A high-order large eddy simulation code based on the flux reconstruction (FR) scheme is further
developed for supersonic jet simulation. The FR scheme provides an efficient and easy to implement
way to achieve high-order of accuracy on an unstructured mesh. The order of accuracy and the
shock capturing capability of the solver are validated with the isentropic Euler vortex and Sod’s
shock tube problem. A heated under-expanded supersonic jet case from NASA’s Small Hot Jet
Acoustic Rig (SHJAR) database is used for validation. The turbulence statistics along the nozzle
centerline and lip-line are examined. We predict the acoustic radiation with the Ffowcs Williams
and Hawkings method, which is integrated with our solver. The far-field acoustic predictions show
reasonable agreement with experimental measurement in the upstream and downstream directions,
where shock-associated noise and large-scale turbulent mixing noise are dominant, respectively.
Keywords: Aeroacoustics; Computational fluid dynamics; Large eddy simulation.

1. Introduction
Supersonic military aircrafts generate intensive noise during take-off. A recent report1 shows
that tinnitus and hearing loss have become the major health concerns for military personnel
who work on the flight deck of aircraft carriers. In order to reduce the noise radiation from
military aircrafts, it is important to understand the noise generation mechanism of hot
supersonic jets. It is generally accepted2 that the noise from military aircraft operating at
off-design conditions is mainly composed of large-scale turbulent mixing noise, fine-scale
turbulent mixing noise, Mach wave radiation, broadband shock-associated noise (BBSAN),
and screech tones. In the past few decades, jet acoustic models3–8 have been proposed to
account for these noise components.
∗
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Direct numerical simulation, that resolves down to the finest turbulent scales (Kolmogorov scale), requires the number of nodes to be of order Re9/4 (Wilcox9 ) or Re37/14
(Choi and Moin10 ). The large number of grids required by DNS makes it prohibitively
expensive for the simulation of high Reynolds number flows. One classic example is the
turbulent supersonic jet flow. Large Eddy Simulation (LES) only resolves the most energetic scales of the turbulent flow. The required number of nodes, as estimated by Choi and
Moin,10 is only of order Re13/7 for wall resolved LES and Re for wall modeled LES, which
makes it an accurate and affordable choice for jet simulations in the past few decades. Many
early studies on LES of jet flows11, 12 were carried out using structured solvers. Although
the structured solvers are able to achieve very high-order of accuracy and are easy to parallelize,13 they have difficulty dealing with complex geometries. In those studies, complex
geometries were treated with the multiblock technique.14 With the development of unstructured solvers,15–17 numerical simulations now can easily model nozzles with complex
geometries. Advanced techniques such as wall modelling, adaptive mesh refinement, and
synthetic turbulence18–20 were used inside of the nozzle to obtain satisfactory far-field noise
predictions. However, these solvers are usually limited to 2nd order of accuracy. As a result,
a large amount of computational elements are required, which increase the computational
expenses.
Recently, high-order discontinuous finite element methods, such as the discontinuous
Galerkin (DG) method21 and spectral difference (SD) method22 have been applied to computational fluid dynamics (CFD). These methods approximate solutions using high-order
polynomials inside each element to achieve high-order of accuracy on an unstructured mesh.
The compact stencil of these methods make them more efficient for parallelization. The DG
method was implemented in the Jet Engine Noise Reduction (JENRE) code to simulate supersonic jet noise.23 Validation shows that the flow-field is well resolved on a much coarser
grid than finite volume solvers.
The FR scheme proposed by Huynh24 offers a new approach to achieve high-order of
accuracy for the numerical solution of conservation laws. This method solves for the differential form of conservation equations. By avoiding the complexity of performing numerical
integrations (as in DG method) and the usage of staggered grids (as in SD method), the
FR scheme greatly simplify the implementation of the code while still preserve the advantages of other high-order methods. NASA Glenn Research Center developed their own FR
code called Glenn Flux Reconstruction (GFR).25 The code is validated with implicit LES
of the Taylor Green vortex using solution of a pseudo-spectral code. Haga and Tsutsumi26
performed implicit LES of supersonic jet flow with their Flux Reconstruction-Localized Artificial Diffusivity (FR-LAD) code, and validated it with experimental and simulation data.
The low dissipation and low dispersion nature of FR scheme allows the use of explicit LES
sub-grid scale models to capture the unresolved turbulent scales. Lopez-Morales et al.27
developed a code called High Fidelity Large Eddy Simulation (HiFiLES) and integrated
several explicit LES sub-grid scale models. However, this code was still at an early stage of
development.
In this paper, we further develop HiFiLES to make it a suitable tool for supersonic jet
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aeroacoustics simulation. The present work serves as part of larger project to predict and
suppress the noise generated by large-scale coherent structures from supersonic jets. Firstly,
the governing equations are reviewed in Section 2.1. Then, the numerical methods and the
code development are presented in Section 2.2. Simulation setup and flow conditions of the
jet simulation are described in Section 3. The validation of aerodynamic and aeroacoustics
results are presented in Section 4.
2. Methodology
2.1. Governing Equations
We solve the Favre-filtered Navier-Stokes equations, which model the flow-field of the offdesign supersonic jet. They are
∂ ρ̄ ∂ ρ̄ũj
+
= 0,
∂t
∂xj

(1)

]
∂ [
∂
(ρ̄ũi ) +
ρ̄ũi ũj + p̄δij − τ̃ijtot = 0,
∂t
∂xj

(2)

]
∂
∂ [
ρ̄ũj ẽ0 + ũj p̄ + q̃jtot − ũi τ̃ijtot = 0,
(ρ̄ẽ0 ) +
∂t
∂xj

(3)

and

where t is time, xj is the coordinate variable, and δij is the Kronecker delta. ρ, ũi , p̄,
and ẽ0 are the mean density, Favre-averaged velocity components, average pressure, and
Favre-averaged specific total energy, respectively.
τ̃ tot = τ̃ + τ̃ sgs and q̃ tot = q̃ + q̃ sgs are the total viscous stress and total heat flux, where
the superscript sgs indicates the sub-grid scale terms.
The Favre-averaged viscous stress and heat flux are
)
(
1
(4a)
τ̃ij = 2µ S̃ij − S̃mm δij ,
3
( µ ) ∂ẽ
q̃j = −γ
,
(4b)
P r ∂xj
where
1
S̃ij =
2

(

∂ ũj
∂ ũi
+
∂xj
∂xi

)
,

(4c)

and
ẽ =

R
T̃ ,
γ−1

(4d)

September 18, 2020

4

10:39

Shen_Miller_JTCA_2020_preprint

Shen and Miller

where R is the gas constant, γ is the ratio of specific heats and T̃ is the Favre-averaged
temperature. The equations are closed by the ideal gas law
(5)

p̄ = ρ̄RT̃ .
2.1.1. Large Eddy Simulation

In the present paper, the unresolved turbulent motions are modeled explicitly using sub-grid
scale models. The sub-grid scale viscous stress is modeled with the Boussinesq hypothesis
as
(
)
1
2
sgs
τ̃ij = 2µt S̃ij − S̃mm δij − ρ̄kδij ,
(6)
3
3
where isotropic part of the sub-grid scale stress tensor 23 ρ̄kδij is neglected since its contribution is small.28 The sub-grid scale heat flux q̃jsgs is
(
)
µt
∂ẽ
sgs
q̃j = −γ
,
(7)
P rt ∂xj
where µt and P rt are the eddy viscosity and turbulent Prandtl number, respectively. We
use the wall-adapting local eddy-viscosity (WALE) model, which is
µt = ρ(Cw ∆)

d S d )3/2
(Sij
ij

2

d S d )5/4
(S̄ij S̄ij )5/2 + (Sij
ij

,

(8)

where
d
Sij
=

) 1
1( 2
g ij + g 2ji − g 2kk δij ,
2
3

(9)

∂ ũi ∂ ũk
,
∂xk ∂xj

(10)

g 2ij =

Cw = 0.325, and ∆ is the filter cut-off length scale.
2.2. HiFiLES code and Modifications
In this section, we first review the FR scheme in HiFiLES. Next, new features implemented
in HiFiLES are presented including shock capturing methods and numerical probes. Finally,
the modified code is validated using two test cases, which are the isentropic Euler vortex
and Sod’s shock tube problem. We have shared our source code (see Shen et al.29 ).
2.2.1. Flux Reconstruction Scheme
The governing equations Eq. (1)-(3) can be written into conservation form as
∂q
+ ∇ · F = 0,
∂t

(11)
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where q is the solution vector and F = F inv + F visc is the total flux tensor. The computational domain is divided into N non-overlapping elements, which conform to the boundaries.
That is
Ω=

N
∪

N
∩

Ωn ,

n=1

Ωn = ∅.

(12)

n=1

These elements can be mixed types, including quadrilateral and triangular in two dimensions
and tetrahedra, prism, and hexahedra in three dimensions. For simplicity, we transform each
element into the reference domain. The transformation Jacobian is defined as
Jij =

∂xi
,
∂ x̂j

(13)

where x = x(x̂) is the shape function. For each element, there is a defined set of solution
points and flux points. The Jacobian matrix is evaluated on the solution points and flux
points.
The solution of Eq. (11) can be determined by solving the transformed equation
∂q̂
ˆ · F̂ = 0,
+ |J |−1 ∇
∂t

(14)

where q̂(x̂, t) = q(x, t) and F̂ (x̂, t) = |J |J −1 · F (x, t) are the transformed solution and
transformed flux, respectively. Inside the reference element, the solution and flux are approximated using a P th order polynomial. The polynomial is constructed through interpolation
on a set of solution points in each element as
q̂ δ (x̂) =

Ns
∑

q̂ δ (x̂i )li (x̂),

(15a)

i=1

and
δ

F̂ (x̂) =

Ns
∑

δ

F̂ (x̂i )li (x̂),

(15b)

i=1

where the superscript δ represents approximated solutions or fluxes, Ns is the number of
solution points in the element, and li is the nodal basis associated with the ith solution
point. A common flux has to be found for the flux points on the interfaces to recover a
meaningful global solution. We used the Harten-Lax-van Leer-Contact (HLLC)30 Riemann
solver to compute the common inviscid flux. The normal common inviscid flux on each flux
point in the physical domain is written as
(
)
δI⊥
HLLC
δL δR
F inv = F
q ,q ,n ,
(16)
where q δL and q δR are the discontinuous solution at the left and right side of the interface
and n is the outward unit normal vector on the interface in the physical space.
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For the viscous flux, a DG method31 is used. The process to calculate the viscous flux
remains the same as the inviscid flux, while the gradients used to calculate the viscous flux
are corrected via a correction function and the common interface solution. The common
interface solution is calculated with
)
(
)
1 ( δL
q δI =
q + q δR − β q δL − q δR ,
(17)
2
where β is the penalty factor. We choose
β=

1 n·a
2 |n · a|

(18)

to recover a local DG (LDG) scheme, where a is an arbitrary reference unit vector to ensure
consistency. We then correct the transformed gradients inside each element as
ˆ
∇q̂

δC

ˆ (x̂) +
(x̂) = ∇q̂
δ

Nf
Ni ∑
∑

(
)
ˆ · g i,j (x̂) q̂ δI − q̂ δ ,
n̂i,j ∇
i,j
i,j

(19)

i=1 j=1

where Ni is the number of interfaces and Nf is the number of flux points on each interface.
g i,j (x̂) is the correction function associated with the flux point j on interface i. In HiFiLES,
the correction functions lead to the energy-stable flux reconstruction (ESFR) schemes.32, 33
The transformed corrected gradients are then transformed back to the physical domain
using
ˆ δC (x̂) .
∇q δC (x) = J −T · ∇q̂
The normal common viscous flux on the interface can then be calculated using
[ (
)
)
(
)]
(
1
δI⊥
δL
δR
δL
δR
F visc = n ·
F visc + F visc + β F visc − F visc − τ q δR − q δL ,
2

(20)

(21)

where τ = 0.1 (see Castonguay and Williams et al.34 for details) is the stabilization factor.
The normal common total flux in the physical domain is then transformed to the reference
domain with
F̂

δI⊥

= |J | · |J −T · n̂|F δI⊥ .

The FR scheme can be written into a semi-discretized form as


Nf
Ni ∑
(
)
∑
dq̂
δ⊥
ˆ · F̂ δ +
ˆ · g i,j (x̂) F̂ δI⊥
.
∇
= −|J |−1 ∇
i,j − F̂ i,j
dt

(22)

(23)

i=1 j=1

Finally, an explicit low-storage fourth-order five-stages Runge-Kutta method35 is used for
time integration.
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2.2.2. Shock Capturing Method
Supersonic off-design jets contain shocks, which can lead to numerical instability. Therefore,
a shock capturing method is necessary to stabilize the solution. Hesthaven and Kirby36 connected the smoothness of a function to the decay of its expansion coefficients. Persson37 used
this property as a shock detector to capture discontinuities. We follow Persson’s method,
but apply shock sensor to density field for simplicity. Recalling Parseval’s theorem, the
shock detector for each element can be written as
ΓNs ρ̆2
ϵ = ∑Ns Ns ,
2
i=1 Γi ρ̆i

(24)

where
ρ̆i =

Ns
∑

Vij−1 ρj ,

(25a)

j=1

Vij = ψj (x̂i ),
and

(25b)

∫
Γi =

ψi2 (x̂)dx̂.

(25c)

Here, V is the Vandermonde matrix and ψi is the ith orthogonal polynomial basis in the
reference domain. The shock detector is evaluated for all the elements at the end of each
time step.
If the shock detector value in an element is higher than the threshold, a modal exponential filter will be applied to all the solution fields of that element to stabilize the solution.
The modal exponential filter for an 1-D element is
[
(
) ]
i−1 ζ
σi = exp −α
,
(26)
P
where α is the filter strength and ζ is the filter order. The filter can be readily extended to
multi-dimensional element. The filtered modal solutions are transformed back to the nodal
values using
qi =

Ns
∑

σj q̆ j Vij .

(27)

j=1

According to Hesthaven and Kirby,36 the accuracy of the solution away from the discontinuities is associated with the order of the filter. Usually, a filter order of ζ = 4 or
higher is used. Then the filter strength α is set accordingly to be strong enough to stabilize
the solution. The threshold of the shock sensor should vary with the polynomial order of
the simulation P and has a scaling of P −4 , suggested by Persson.37 In the present work, a
trial and error process is used to determine the threshold and the filter strength. First, the
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threshold is set to zero to find out the minimum value of α to stabilize the solution. Then,
the threshold is determined by increasing its value until the simulation becomes unstable
again.
The filtering procedure involves only one matrix multiplication. In addition, the present
method does not require any communications with other processors, which simplifies the
implementation and costs significantly less computational time compared to other limiter
based methods.
2.2.3. Numerical Probe
Flow-field analysis and acoustic prediction require time resolved data from the flow-field.
As an alternative to storing the entire numerical solution, we implemented numerical probe
to extract time resolved data. Numerical probes are placed along lines or on surfaces within
the flow-field for purposes of flow-field validation and acoustic prediction.
As illustrated in Fig. 1, the computational element that the probe belongs to can be
ascertained given the physical coordinate xp of the probe. Then, the reference coordinate
of the probe is obtained using Newton’s method of root finding as
x̂n+1 = x̂n − (xn − xp )/J(x̂n ),

(28)

where x̂n+1 , x̂n , and xn are the reference coordinate of the next and the current iteration,
and the physical coordinate of the current iteration, respectively. The iteration is considered
converged when ||x̂n+1 − x̂n ||2 < 10−6 . The flow-field data of the probe can be obtained by
interpolation as
∑Ns
u(xp ) = û(x̂p ) =
ûi li (x̂p ).
(29)
i=1

𝐉=
𝑥, 𝑦

𝜕 𝑥, 𝑦
𝜕 𝑥,
ො 𝑦ො
𝑥,
ො 𝑦ො

Point inside of the element

Physical domain

Reference domain

Fig. 1. Transformation of coordinates from the physical domain to the reference domain.
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2.3. Ffowcs Williams and Hawkings Method
Ffowcs Williams and Hawkings38 proposed an integral method to calculate far-field noise
based on Lighthill’s acoustic analogy.39, 40 We use this approach to predict the noise from the
LES at observer locations. This method uses flow-field information on an arbitrary shaped
surface and the volume distribution of noise sources outside of the surface. The surface can
be either solid or porous. Note that the surface does not alter the flow-field, and from a
practical point of view only represents known locations of the field-variables.
The FWH equation with a porous subsonic moving surface f (x, t) = 0 is
(
)
∂
∂2
1 ∂2
∂2
∂
′
[ρ
U
δ(f
)]
−
[L
δ(f
)]
+
[Tij H(f )],
(30)
−
[p
H(f
)]
=
∞
n
i
2
c2∞ ∂t2 ∂xi
∂t
∂xi
∂xi ∂xj
where

(

)

ρ∗ ui
,
ρ∞

(31a)

Li = p′ ni + ρ∗ ui (un − vn ),

(31b)

ρ∗ = ρ∞ + p′ /c2∞ .

(31c)

Ui =

ρ∗
1−
ρ∞

vi +

and

Here, the ambient speed of sound and ambient density are c∞ and ρ∞ , Tij = ρui uj + (p′ −
c2∞ ρ′ )δij is the Lighthill’s stress tensor, p′ and ρ′ = ρ − ρ∞ are the pressure and density
perturbation, vi are surface velocity components, and a subscript n implies the dot product
with unit surface normal vector. The use of ρ∗ instead of ρ was reported by Spalart and
Shur41 to obtain more accurate predictions for heated jets.
Farassat42 solved Eq. (30) using a free-space Green’s function of the wave equation.
Assuming the surface is steady and no sources are outside of the surface, the solution is
]
∫ [
1
ρ∞ U̇n
L̇r
Lr
′
p (x, t) =
+
+ 2
dS.
(32)
4π
r
c∞ r
r
src

The integrand is evaluated at source time, where r = |x − y| is the distance between the
source location y and the observer location x. The subscript r indicates the dot product
˙ indicates the derivative with respect to
with a unit vector in the observer direction. The □
source time.
2.4. Verification
2.4.1. Isentropic Euler Vortex
The 2-D isentropic moving vortex in inviscid flow43 is used to verify the code’s ability to
resolve rotational flow. The non-dimensional problem is solved. The computational domain
has a span of Ω ∈ [−10, 10]2 and is decomposed into quadrilateral elements. The boundary
conditions for the four boundaries are Riemann invariant far-field.44 As shown in Fig. 2(a),
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the vortex is initially at the center of the domain and moves in the diagonal direction as
the simulation starts.
The initial conditions are
[
] 1
(γ − 1)β 2 1−r2 γ−1
ρ= 1−
e
,
(33a)
8γπ 2
βy 1−r2
e 2 ,
(33b)
u=1−
2π
βx 1−r2
v =1+
e 2 ,
(33c)
2π
p = ργ ,
(33d)
√
where γ = 1.4, β = 5.0, and r = x2 + y 2 . The gas constant is R = 1.0.
The order of accuracy of the spatial discretization can be obtained through grid refinement study. We ran the simulations using polynomial orders P = 1, 2, and 3 on quadrilateral
meshes with 10, 20, 40, and 80 elements in each direction. The non-dimensional time step
size is fixed to be ∆t = 0.0001, which is stable for all the cases. The CFL number for the
inviscid flux is a function of both grids spacing and polynomial order as
CFL =

λi,j ∆t(2P + 1)
,
∆x
i∈Ω;j∈[1,Ns ]
max

(34)

where ∆t is the time step size, λ is the speed of the fastest moving wave, P is the polynomial
order, and ∆x is the grid spacing. Therefore, it is not a constant over the simulations. The
L2 norm of error is evaluated with the numerical and analytical solutions at t = 5. The L2
norm is defined as
v
uN ∫
u∑
∥x∥2 = t
x2 dΩn .
(35)
n=0 Ωn

A logarithmic plot of L2 norm of error as a function of grid spacing is shown in Fig.
2(b), where the order of accuracy calculated from the slop is denoted beside each line. For a
solution approximated with a P th order polynomial, a P + 1th order of accuracy is obtained,
which is expected.
2.4.2. Shock Tube
Sod’s shock tube problem45 is used to test the capability of newly implemented shock
capturing method. The computational domain is x ∈ [0, 10]m and y ∈ [0, 1]m. The domain is
uniformly divided into 100 quadrilateral elements in the x direction, while in the y direction
there is only one element. We use slip wall boundary conditions for all four boundaries. The
initial conditions are
{
(1.0, 0, 0, 100000)
if x ≤ 5.0
(ρ, u, v, p) =
(36)
(0.125, 0, 0, 10000) if x > 5.0
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log10 h

(a)

(b)

Fig. 2. (a) Density contour plot at t = 0; (b) L2 norm of density error versus grid spacings.

The simulation time step is 10−6 s and the modal exponential filter is used to stabilize the
solution. Results of different polynomial orders and filter orders are plotted at t = 0.005s.
Figure 3 shows the density plot with polynomial order P = 1, 2, and 3. The filter order is
fixed to ζ = 6 and the filter strength is α = 36. The shock sensor threshold is 0.008, 0.0005,
and 0.0001, respectively. Positions and amplitudes of the shock and expansion waves are
well captured by all the simulations, except some mild oscillations are observed at both
sides of the discontinuities for high-order simulations (P = 2 and 3). As the polynomial
order increases, the numerical solution converges to the analytical solution.

1.1

0.44

1

0.42

0.9

0.4

0.8
0.38
0.7
0.36
0.6
0.34
0.5
0.32
0.4
0.3

0.3

0.28

0.2
0.1

0.26
0

2

4

6

(a)

8

10

5

5.5

6

6.5

7

7.5

(b)

Fig. 3. (a) Density plot of shock tube at t = 0.005s with filter order ζ = 6 and polynomial order P = 1, 2,
and 3; (b) Zoom in view near the shock wave.
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Figure 4 shows the density plot with filter order ζ = 2, 4, and 6, filter strength α = 36,
while the polynomial order is fixed to P = 3. The shock sensor threshold is 0.0001. As
the filter order increases, the numerical solution becomes closer to the analytical solution
around the discontinuities. This confirms the statements in sect.2.2.2, that higher filter order
improves the accuracy of the solutions away from the discontinuities.

1.1

0.44

1

0.42

0.9

0.4

0.8
0.38
0.7
0.36
0.6
0.34
0.5
0.32
0.4
0.3

0.3

0.28

0.2
0.1

0.26
0

2

4

6

8

10

5

(a)

5.5

6

6.5

7

7.5

(b)

Fig. 4. (a) Density plot of shock tube at t = 0.005s with polynomial order P = 3 and filter order ζ = 2, 4,
and 6; (b) Zoom in view near the shock wave.

2.5. Parallel Performance Test
Previously, the performance study of the original HiFiLES code on single and multiple GPUs
was presented in the study of Castonguay et al.46 In this section, the parallel performance
study of the modified code running on distributed memory CPU platform is presented. The
test is conducted on the HiPerGator supercomputer at University of Florida, with Intel
Xeon E5-S2648 processors.
The Taylor Green Vortex47 testcase is calculated. The solution was advanced in time
using the low-storage fourth-order five stages Runga-Kutta scheme.35 The computational
domain is cubic and discretized into hexahedra elements. The performance is measured by
the time consumed to run 100 time steps.
First, the strong scaling efficiency of the code is studied using P3 on a mesh with 32
hexahedra elements in each direction. The degrees of freedom (DOFs) of the simulations are
2.10 millions. The problem size is fixed, while the number of cores is increased. The strong
scaling efficiency is calculated using
E=

t1
× 100%,
N · tN

(37)

where t1 is the time taken to run the problem on one core, N is the number of cores, and
tN is the time taken to run the same problem on N cores. Figure 5 shows the strong scaling
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efficiency versus the number of cores. The efficiency decreases monotonically as number of
cores used for the computation increases. This is because the ratio of time spent for parallel
communication versus that for localized computation increases as more cores are used. A
good efficiency of 83.3% is still achieved even when the number of cores is scaled 64 times.
However, when 128 cores are used (not presented in the figure), the computational time is
even longer than using 64 cores.

Eﬃciency %

100
95
90
85
80

0
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20

30
40
Number of cores

50

60

70

Fig. 5. Strong scaling efficiency.

Next, the weak scaling efficiency is studied for the same polynomial order, in which the
size of the problem is increased, but the work load assigned to each core stays constant.
Meshes with 16, 32, and 64 elements in each direction run on 1, 8, and 64 cores respectively,
corresponding to 0.26 million DOFs per core. The weak scaling efficiency is calculated using
E=

t1
× 100%.
tN

(38)

The weak scaling efficiency versus the number of cores are plotted in Fig. 6. As the number
of cores increases, the weak scaling efficiency converges to a constant value. This is because
information exchange is only needed among ”neighboring” cores and the communication
overhead converges to a constant as the number of cores increases.

3. Simulation Setup
An under-expanded heated supersonic jet validation case from NASA’s SHJAR48 database
is simulated. The nozzle geometry is the baseline small metal chevron converging nozzle (SMC000) designed by NASA Glenn Research Center. The nozzle exit diameter D =
0.0508m and the nozzle lip thickness is 0.025D. Table 1 shows the jet parameters, where
the subscript o represents total conditions, the subscript ∞ represents ambient conditions,
and ReD is the Reynolds number based on the nozzle diameter.
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Fig. 6. Weak scaling efficiency.

Table 1. Simulation Conditions.

po /p∞

To /T∞

Tj [K]

Mj

uj [m/s]

ReD

3.514

3.2

670.4

1.47

762.39

6.26 × 105

3.1. Computational Grid
The computational domain is shown in Fig. 7. The domain is a conical frustum with a
radius of r/D = 30 at x/D = −6 and r/D = 37.5 at x/D = 60. The origin of the domain
is located at the center of the nozzle exit plane.
The computational grid is generated using a commercial meshing software called Pointwise.49 A schematic of mesh refinement is shown in Fig. 8. In the region outlined by the
blue lines, where the jet flow develops, the grid is refined to ensure high resolution. The
divergence rate of this region follows the spreading rate of the jet exhaust and includes
the whole turbulent shear layer. In the jet near-field outlined by the region between the
blue lines and the red lines, the grid is refined with a moderate grid spacing to capture
the propagating acoustic waves for the FWH acoustic solver. The divergence rate of this
region is slightly larger than the spreading rate of the jet flow. In the present work, two
sets of grid are used to analyze the grid dependency of the simulation results. Details of the
computational grids are presented in Tab. 2. The M1 grid is the baseline grid, which will
be used for acoustic prediction. On the other hand, the M2 grid is almost the same as the
M1 grid, except that the jet flow region is further refined.
Nyquist sampling criterion suggests that a signal contains frequencies no higher than
fmax can be fully resolved with a sampling frequency of 2fmax , where fmax is called the
Nyquist frequency. However, energy from the unresolved scales reside near the Nyquist
frequency in LES, resulting in the aliasing error. Brès and Nichols50 recommended using
eight points per wavelength to resolve an acoustic wave for LES of jet flow. In HiFiLES,
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Fig. 7. Computational domain.

Table 2. Grid spacings, number of cells, and DOFs of the grids.

Grid
name
M1
M2

∆x/D Flow region
x/D = 0 x/D = 25
0.025
0.35
0.025
0.175

∆x/D Near field
x/D = 0 x/D = 35
0.075
0.45
0.075
0.45

No.
(
)
DOFs ×106
49.85
66.31

No.
(
)
cells ×106
2.49
3.32

the resolved Strouhal number predicted by this criteria is
Stmax =

(P + 1)c∞ D
.
8∆xuj

(39)

Therefore, the current grids are expected to resolve an average Strouhal number up to 1.75
in the near-field region when the solution is approximated by a third order polynomial in
each element. According to the “line of sight” principle, the resolved Strouhal number in the
acoustic prediction will be smaller at shallow observation angles. However, this effect is not
significant when the spatial resolution of the FWH surface is close to the grid resolution.
On the nozzle interior wall, in order to resolve a turbulent boundary layer, the first
anisotropic layer should have a thickness of ∆y/D = 3.6 × 10−5 , corresponding to y + =
1. However, this will lead to most of the elements being placed in the boundary layer
and greatly reduce the CFL limit, which is contradictory to the purpose of using LES.
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8°

6°

Therefore, we set the first layer thickness to be ∆y/D = 0.01 on the nozzle interior wall,
corresponding to y + = 280. In the axial direction, the grid spacing on the nozzle interior
wall is approximately ∆x/D = 0.025. Although the current mesh is not capable to resolve
the turbulent boundary layer, subsequent simulation results show that the boundary layer
at the nozzle interior wall is laminar. This greatly relaxed the grid requirement near the
wall and enable the mesh to resolve the boundary layer. Away from the walls, element shape
is isotropic. This helps reduce spurious noise introduced by grid stretching reported by Brès
et. al.50 In order to reduce the computational expense, the mesh is coarsened outside the
refinement regions. This strategy does not reduce the accuracy of the acoustic prediction
because the FWH surface is placed within the near-field refined region of the mesh.

25D
35D

Fig. 8. Schematic of computational mesh.

3.2. Boundary Conditions
The ambient conditions for the simulation are M∞ = 10−4 , T∞ = 300 K, and p∞ =
101325 Pa. The gas constant R = 286.9 J/(kg · K), the ratio of specific heats γ = 1.4. At
the nozzle inlet, the total pressure and total temperature are defined using the ambient
conditions and the jet parameters in Tab. 1. The interior and exterior walls of the nozzle
are adiabatic non-slip walls. On the other boundaries, a Riemann invariant based far-field
boundary condition44 corresponding to the ambient conditions is used. The right states
on the boundary interfaces are determined by the Riemann invariants of the incoming
and outgoing propagating waves. Therefore, acoustic waves can freely propagate across the
boundaries without reflections that may deteriorate the acoustic predictions.
3.3. FWH Surface
The placement of the FWH surface is critical for accurate predictions of noise from a jet
flow. Inappropriate placement of the FWH surface will result in an erroneous prediction.
Here, we discuss our placement of the FWH surface. Following Mendez et al.,51 the FWH
surface is axisymmetric with R(x/D = 0) = 1.5D and has an axial divergence rate of
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0.20. The surface terminates at x/D = 35 in the downstream direction. For x/D < 0, the
surface extends to the left boundary of the domain, following the geometry of the nozzle
exterior wall. As pointed out by Mendez et al.,51 the acoustic predictions are not sensitive
to the radius of the FWH surface as long as all the noise sources are included inside of the
surface. Shur et al.52 found that the end cap averaging technique can be used to eliminate
low frequency spurious noise caused by turbulent structures exiting from the downstream
side of the surface. Following their work, 11 evenly spaced end caps are placed between
x/D = 29 and x/D = 35. The end caps are able to reduce spurious noise from St = 0.008
to 0.08.
A schematic of the FWH surface with end caps is shown in Fig. 9 with momentum
in the x direction as background. We found that the FWH surface is completely placed
in the acoustic near-field. In Figure 10, the FWH surface is presented together with the
computational grid to show that the surface is also placed within the near-field refinement
region. After the flow-field reaches steady state, the data is sampled every 5.5 × 10−6 s on
the FWH surface, which corresponds to the maximum accessible Strouhal number St = 6.5.

End caps

Fig. 9. Placement of the FWH surface on the contour of x-momentum. Note that the surface completely
encompasses the jet exhaust.

4. Results
In the present work, the solutions are approximated with a third order polynomial inside of
each element. The threshold for the shock detector is empirically chosen to be 3.0 × 10−4 .
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Fig. 10. Placement of the FWH surface on the computational mesh.

The shock filter strength α = 36 and the filter order ζ = 4. It takes about 4 hours to run
104 time steps on 2048 cores using the M1 grid, while for the M2 grid, 5 hours are needed
to run the same number of time steps. In this section, we will first present the validation
of aerodynamic results as well as grid dependency study. The mean value and turbulent
statistics along the nozzle centerline and the lip-line will be compared with RANS simulation
results conducted with FLUENT.53 The RANS equations are closed using k − ω shear
stress transport (SST) model.54 The compressibility correction55 and production limiter56
are applied to the model. Finally, far-field acoustic predictions from LES using the M1 grid
are validated with experimental data at different microphone locations.
4.1. Flow-field
4.1.1. Instantaneous flow-field
The instantaneous flow-field of the simulation running on the M1 grid is presented in this
section. The numerical schlieren is plotted in Fig. 11(a), and the shock detector value is
plotted in 11(b). It is observed that the shock detector is activated on the shock waves and
the shear layer region where the density gradient is large.
Figure 12 shows the instantaneous pressure field. At the nozzle exit, semi-periodic shockcells are formed due to the pressure mismatch between the nozzle exit and the ambient.
The pressure in the near-field is dominated by downstream propagating acoustic waves.
As observed by Liu et al.,57 the acoustic waves radiated near the nozzle exit have the
largest wavenumber. Mach wave radiation propagating downstream with parallel patterns
are clearly observed. According to Tam,58 Mach wave radiation is generated by large-scale
turbulent structures with supersonic phase speed in the shear layer. These waves and their
influence on the far-field are captured via the FWH surface.
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(a)

(b)
Fig. 11. (a) Numerical schlieren |∇ρ| kg · m−4 ; (b) shock detector.

4.1.2. Time-averaged flow result and grid dependency
Figure 13 shows the mean axial velocity of the LES and RANS simulation. Similar shockcell structures are captured by all the simulations. On the centerline, the plots shows large
oscillations due to pressure mismatch. From x/D = 0 to x/D = 4.22, all the simulations
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Fig. 12. Instantaneous fluctuating pressure, unit Pa.

agree very well in terms of both peak positions and oscillation amplitude. For x/D > 4.22,
the shock cells in the M2 grid result are located at the downstream of that in the M1 grid
result and the RANS result and shows slightly larger oscillation amplitudes. At x/D = 7.5,
the mean axial velocity produced by the M1 grid starts to decay, while that of the M2
grid starts to decay in further downstream. However, the RANS result does not decay until
x/D = 10.0. Assuming that the potential core length can be calculated from the distance
between x/D = 0 and the position where u/uj = 0.95, the potential core length in the M1,
M2 grid results, and the RANS result are 7.63D, 7.82D, and 10.35D, respectively. Similar
results are also observed by Georgiadis et al.59 in their comparison of simulations and
experiments, where the RANS solution overpredicts the potential core length. On the lipline, the solutions of three simulations diverge for x/D ≥ 1.50. LES on the M2 grid results
in the largest oscillation amplitude while the RANS result has the smallest amplitude. The
maximum discrepancy between the two LES grids is ∆u/uj = 0.133 at x/D = 3.58. This
indicate that the spreading rate of the M2 grid result is smaller than that of the M1 grid
result.
Figure 14 shows the turbulent kinetic energy (TKE) of the LES and RANS simulation.
In general, the RANS simulation predicts significantly lower TKE than the LES on both
lines. On the centerline, both LES results are modulated by peaks inside of the potential
core due to the existence of shock cells. However, this phenomenon is not captured by the
RANS simulation. The TKE of the M2 grid is lower than that of the M1 grid initially,
indicating a lower turbulent intensity inside of the potential core. Similar phenomenon is
observed on the lip-line as well. However, at the downstream of the potential core, TKE of
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the M2 grid reaches a higher peak than that of the M1 grid. At the nozzle exit, TKE along
both lines are approximately zero for all the simulations, implying a laminar flow at the
nozzle exit.
The current grid dependence study suggests that the numerical solution is not independent of the grid spacings. According to Yang,60 the implicitly filtered LES is very hard to
achieve true grid independence, because the numerical error is comparable to the modelling
error. Finer turbulent scales will be resolved as one refines the grid until a DNS is actually
performed. In the present paper, we will use the M1 grid for the subsequent analysis.
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Fig. 13. Mean axial velocity along the (a) centerline and (b) lip-line.
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Fig. 14. Turbulent kinetic energy along the (a) centerline and (b) lip-line.

4.1.3. Shear layer turbulent statistics
Power spectral density (PSD) of fluctuating axial velocity produced by the M1 grid at
several positions along the lip-line is presented in Fig. 15, which shows the spatial evolution

September 18, 2020

22

10:39

Shen_Miller_JTCA_2020_preprint

Shen and Miller

of the jet shear layer. The spectrum at x/D = 1 just downstream of the nozzle outlet
shows features of a transitional shear layer. The peaks in its spectrum represents the vortex
roll-up and pairing effect due to Kelvin-Helmholtz instability as suggested by Lele.61 At
x/D ≥ 7.5, where the flow becomes fully turbulent, the spectrum follows Kolmogorov’s law
with dominant low frequency components and a slope of St−5/3 in the inertial subrange.
As the probe moves downstream, the range of inertial subrange shifts to lower frequency
as observed by Liu et al.62 This suggests that the turbulent scales increase as flow goes
downstream. On the other hand, the dissipation range characterized by the quick drop
in PSD, where TKE dissipates into internal energy, also shifts to lower frequency as the
probe position goes downstream. This is due to the relatively larger grid spacing in the
downstream. The resolved Strouhal numbers calculated with Eq. (39) but using the local
speed of sound at x/D = 7.5, 15, and 20 are 1.89, 0.80, and 0.67, respectively. These
approximations agree well with the dissipation ranges in Fig. 15.

100
10−2

PSD

10−4
10−6
10−8
10−10

x/D=0.5
x/D=7.5
x/D=15.0
x/D=20.0
St −5/3

10−1

St

100

Fig. 15. Power spectrum of fluctuating axial velocity at different positions along the lip-line.

4.2. Acoustic Prediction
The experimental data is measured using a microphone array on an arc with a radius of
50D and scaled to 100D using lossless conditions.63 The predictions are carried out on the
M1 grid with 3600 time samples, corresponding to a total sampling time of ttot = 0.0198s.
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The calculated spectra have poor statistical convergence, especially at low frequencies. In
order to obtain smooth spectra, the solution from the FWH solver at 12 evenly spaced
azimuthal locations are used and the spectra are averaged to obtain the noise spectrum for
each observation angle.
Figure 16 shows comparisons of acoustic predictions relative to the measurements at
four representative observation angles, where ϕ is the angle relative to the downstream
direction. The spectra are plotted from St = 0.014 to St = 3. At all angles, the predicted
noise decays rapidly for approximately St ≥ 1.5 due to grid resolution. At ϕ = 40◦ (Fig.
16(a)), where large-scale turbulent mixing noise is dominant, the prediction from LES shows
good agreement with the experimental data for all frequencies. The discrete screech tone
at St = 0.2 is also well captured in terms of frequency and amplitude. This result implies
that our simulation is capable to accurately resolve large-scale turbulent motions in the
flow-field.
At ϕ = 70◦ (Fig. 16(b)), where the acoustic field is dominated by fine-scale mixing
noise, a maximum 5 dB over-prediction by the LES is observed between St = 0.06 and
St = 0.7. The over-estimation of the fine-scale noise can be attributed to the excessive
turbulent intensity captured by the M1 grid as shown in Fig. 14. Small turbulent scales are
not properly resolved due to insufficient grid resolution. Moreover, the laminar shear layer
at the nozzle exit, according to Bogey et al.,64 will also introduce additional noise radiation
at low frequencies, which mainly propagates between ϕ = 60◦ and ϕ = 90◦ . The screech
tone at this angle is not observed in the LES result. This is probably because it is masked
by the over-predicted turbulent mixing noise.
At upstream angles (Fig. 16(c) and 16(d)), the noise spectrum is dominated by BBSAN.
The peak of BBSAN moves to lower frequency as the observation angle increases. The
prediction from LES results show reasonable agreements with the experimental data with
error less than 1 dB for St ≥ 0.1. The shape and the frequency of the peak are well captured.

5. Conclusion and Discussion
We presented our modifications of a high-order compressible LES solver based on the FR
scheme. Two simple validation cases have been examined to verify the order of accuracy
and the capability to capture shocks of the modified code.
We then used the code to simulate a heated off-design supersonic jet case from NASA
Glenn Research Center, which is a hot under-expanded supersonic jet. The grid dependency
was studied by comparing flow quantities on the lip-line and the centerline using two sets
of meshes. Noise predictions of the coarse mesh compare favorably with experimental measurement in the upstream and downstream directions where the broadband shock-associated
noise and large-scale turbulent mixing noise are dominant, respectively. At sideline angles,
the prediction over-estimated the SPL by 5 dB between St = 0.06 and St = 0.7. These
predictions are a validation of a jet with moderate Reynolds number. The grid is coarse
and the nozzle interior wall boundary layer is under-resolved. This limitation is driven by
computational expense.
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Fig. 16. Comparison of noise spectra between prediction and experiment.

The code has been released to the CFD and acoustics community through online resources. One of the advantages of using high-order methods is for achieving a reduced grid
point requirement and lowering computational time to achieve the desired accuracy of the
solution.21 We hope that others will adapt the approach to make predictions of the noise
from jet flows at a lower cost than traditional low-order methods.
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