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ABSTRACT:
The effects of a kinematic field of velocity fluctuations on the loudness metrics of two waveforms are examined with
a three-dimensional one-way propagation solver. The waveforms consist of an N-wave and a simulated low-boom
from NASA’s X-59 QueSST aircraft. The kinematic turbulence is generated using a von Karman composite spectrum, which is dependent on a root mean square (rms) velocity and outer scale of the turbulence. A length scale is
proposed to account for the effect of the rms velocity and integral scale on the focusing and defocusing of the sonic
boom waveform. The probability density function of the location of the first caustic attains a maximum value when
the propagation distance is equal to the proposed length scale. Simulation results indicate that for small values of the
nondimensional propagation distance, the standard deviation of the loudness metrics increases linearly. The loudness
metrics follow a normal distribution within a given range of the nondimensional propagation distance. Results indicate the potential to parameterize the loudness metric distributions by the rms velocity and integral length scale.
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I. INTRODUCTION

Sonic boom waveforms measured at ground level
exhibit variability that is not consistent with macroscale
atmospheric effects1,2 such as refraction due to atmospheric
stratification as well as absorption from molecular relaxation
and thermoviscous dissipation. Presently, this variability is
understood to be an effect of the interaction of the sonic
boom with atmospheric turbulence.1 Turbulence in the
atmospheric boundary layer (ABL) alters the waveform due
to scattering, diffraction, and refraction effects.3 Early computational works on sonic boom propagation were focused
on predicting the macroscale atmospheric effects and
neglected the effects of turbulence.4–7 However, recent computational8–10 and experimental11,12 investigations have
examined the effects of turbulence on sonic boom waveforms or spark generated N-waves. These investigations
have provided insight into the effects of turbulence on the
rise time and overpressure of N-waves.
Questions remain regarding the impact of turbulence
root mean square (rms) velocity and length scales on the
loudness metrics. Specifically, do the statistical moments,
i.e., mean and variance, of the loudness metrics show similarity when propagating through fields of different rms
velocity and length scale, and can the metrics be approximated by a known probability distribution? Knowledge of
the distribution of loudness metrics in turbulence is critical
to predicting the annoyance of new shaped booms or “sonic
thumps” on communities. As an example, if the metrics
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follow a normal distribution, then knowledge of the distribution follows directly from knowledge of the first two statistical moments.
The purpose of this paper is to answer these questions
by examining the statistical moments and distributions of
sonic boom loudness metrics in a field of homogeneous isotropic turbulence. Data for the statistical moments will be
obtained by simulating the propagation with a one-way
equation. Two sonic boom waveforms are considered. The
first is a typical sonic boom N-wave, and the second is a
shaped waveform. The distributions of the loudness metrics
are examined and compared to the theoretical normal distribution to determine the normality of the loudness metrics.
This is a difficult problem to address with flight tests and
laboratory experiments because they are costly, and significant data must be acquired to compute the distribution.
However, numerical simulations are particularly suited to
generate enough data to compute a probability distribution
as well as converged statistical moments. Results indicate
that the probability distributions of some of the loudness
metrics are initially normally distributed but become
increasingly skewed to the right of a normal distribution as
the propagation distance through turbulence increases. We
also find that, for an appropriate scaling parameter, the statistics of the loudness metrics show similarity along the
propagation direction. In particular, the standard deviation
of the Mark VII perceived level13 collapses across all turbulence intensities considered.
The paper is organized as follows: Sec. II presents previous research on the propagation of sonic booms through
turbulence and sonic boom loudness metrics. Section III
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presents the governing equation and computational method
to propagate the sonic boom, as well as the method to synthesize the turbulent fields. In Sec. IV, the results of the simulations are presented. Section V provides a summary of the
results presented and discusses future research.
II. PREVIOUS WORK
A. Metric variability in turbulence

Loubeau et al.14 conducted a study of 11 different loudness metrics and their utility to accurately predict annoyance
levels of shaped sonic boom signals. The study used data
from seven different human response studies, including five
indoor studies and two outdoor studies. Results showed that
five loudness metrics are highly correlated with human
annoyance levels. These five metrics are the Mark VII perceived level (PL);13 the B, D, and E weighted sound exposure levels (BSEL, DSEL, and ESEL); and the indoor sonic
boom annoyance predictor (ISBAP). In this paper, we focus
on results for PL, ISBAP, BSEL, and ESEL. Bradley et al.15
conducted a study of N-wave propagation through turbulence in the ABL using the Penn State KZKFourier code.9
The study consisted of 96 different conditions that correspond to different levels of turbulence intensity, boundary
layer height, propagation angle, and humidity. Simulation
results showed that the standard deviations of PL and
ISBAP increased with increasing turbulence intensity.
However, the average values of both metrics were shown to
decrease with increasing turbulence levels. Lipkens and
Blackstock11 showed experimentally that an N-wave in a
turbulent field will have increased rise time with propagation distance, compared to a quiescent medium. Bradley
et al.15 suggested that this effect is the reason for the
decrease in average PL and ISBAP with increasing turbulence intensity.
B. Experimental studies

Experiments have been performed in a laboratory setting to study the effects of turbulence on the distortion of
“model” sonic boom waveforms generated by electric
sparks. Davy and Blackstock16 investigated the distortion
caused by gas-filled soap bubbles on a model N-wave. The
soap bubbles were separately filled with argon and helium
gases to act as a converging lens and diverging lens, respectively. Davy and Blackstock16 showed that the argon-filled
bubble gave rise to N-wave peaking, while the helium-filled
bubble led to N-wave rounding. At least qualitatively, the
results indicated that peaking and rounding in an N-wave
can occur when it passes through a medium with variable
index of refraction, supporting Pierce’s17 explanation of the
focusing and defocusing of the sonic boom waveform
caused by turbulence.
The random focusing of an N-wave passing through a
medium with variable index of refraction could explain the
formation of caustics found in several laboratory experiments on propagation through turbulence.12,18,19 An experiment by Ribner et al.,18 published soon after the findings of
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Davy and Blackstock,16 demonstrated the peaking and
rounding effects on a model N-wave propagating through a
turbulent jet. Their experiment indicates qualitatively the
effect that turbulence can have on the N-wave amplitude.
More recently, experiments by Ollivier and Blanc-Benon19
and Averiyanov et al.12 of model N-waves propagating
through planar turbulent jets found the appearance of random caustics. This appearance of random caustics is
explained by Averiyanov et al.12 as the random focusing
effect of the turbulence on the N-wave.
C. Numerical studies

Dagrau et al.20 formulated a numerical approach for
computing nonlinear acoustic propagation in a twodimensional (2D) heterogeneous medium. A one-way propagation method, called the HOWARD method, was validated
with several acoustic benchmark problems. Their method
has the advantage of accurately computing diffraction
effects on the waveform compared to ray-based or parabolic
methods. Yuldashev et al.8 performed a 2D computational
study of N-wave propagation in an isotropic turbulent field
with a Khokhlov–Zabolotskaya–Kuznetsov (KZK)-type
equation.21,22 Yuldashev et al.8 found that the mean and
standard deviation of maximum pressure follow a similar
curve as a function of the normalized propagation distance
and that the standard deviation increases linearly for small
propagation distance. The results further indicate the similarity of the problem with respect to the refraction length of
a random phase screen and the rms index of refraction of the
turbulent field. Luquet10 later expanded the work of Dagrau
et al.20 to examine in 3D the effects of turbulence on sonic
booms. More recent numerical studies by Leconte et al.23–25
have shown that low-boom waveforms are less sensitive to
atmospheric turbulence and that three-dimensional (3D)
numerical simulations are slightly better at predicting the
peak overpressure distribution compared to 2D simulations.
Specifically, the 3D simulations are better at predicting
occurrences of high amplification of the peak overpressure.
Stout9 examined N-wave and shaped boom propagation
through turbulence generated by a random Fourier modes
approach developed by Blanc-Benon et al.26 The turbulent
fields that Stout9 generates have a rms velocity that varies in
the vertical direction to account for the inhomogeneity in
the ABL. The PL and ISBAP distributions computed from
the simulations agreed with measurements from the NASA
Armstrong Flight Research Center (AFRC) sonic booms in
atmospheric turbulence (SonicBAT) program.15 The simulations performed by Stout9 were used to develop a set of
finite impulse response filters, using the approach of Locey
and Sparrow,27 to artificially turbulize predicted waveforms
that do not account for turbulence effects. Predictions of
the mean and standard deviations of PL and ISBAP were
then made for both N-waves and shaped booms using the filters.9 Recently, Stout et al.28 compared simulated PL distributions of N-wave propagation in the ABL to measurements
taken at AFRC and NASA Kennedy Space Center (KSC).
Carr et al.

3581

https://doi.org/10.1121/10.0011514

They found that a numerical approach with the KZK equation is able to predict most of the PL variances and only
about half of the mean PL values of the measured waveforms. The simulated PL probability density distributions
also compared favorably with the measured data, which
shows that parabolic approaches for sonic boom are predictive near the ground.
In this investigation, we are motivated by recent numerical advancements for predicting sonic boom propagation in
turbulence to conduct a parametric investigation of the
effect of turbulence intensity on sonic boom loudness. We
are interested in whether or not a scaling parameter exists
for the propagation direction that incorporates the effect of
turbulence on the waveform, such that the loudness metrics
can be investigated as a function of this parameter. Previous
investigations have examined sonic boom overpressure and
rise time as a function of a scaled propagation distance
(Yuldashev et al.8) but have not examined loudness metrics
as a function of a scaled distance. Additionally, as will be
shown in Sec. IV A, previous scaling parameters appearing
in the literature are not suitable for small turbulence rms
velocities or do not account for varying integral length scale.
The length scale proposed in this investigation will attempt
to remedy these previous shortcomings.
III. COMPUTATIONAL APPROACH

Our computational approach assumes that the sonic
boom is, locally, a superposition of plane waves as it
approaches the top edge of the ABL. Each waveform is prescribed on the x1 ¼ 0 plane shown in Fig. 1, where x1 is the
propagation direction. The transverse directions are x2 and
x3. The domain considered is a rectangular box of turbulence (Fig. 1).
A. Governing equation

A sonic boom waveform propagating through a turbulent flow is governed by the Navier–Stokes equations,
along with the equations of energy and state. Coulouvrat29
considered the propagation of an acoustic waveform in a
medium with a low ambient Mach number and performed a
decomposition of the governing equations. He was then
able to derive a scalar governing equation for the acoustic
pressure,
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that is accurate to second order in acoustic Mach number (or
alternatively the Mach number of the mean flow),
c1 @t dp ðxi ; tÞ, where dp ðxi ; tÞ is the particle displacement
associated with an acoustic perturbation. The breve symbol
^
q denotes a variable associated with the hydrodynamic component of the fluid. The flow variables can be further decomposed into mean variables q and turbulent fluctuations q0 .
Mean pressure, density, velocity, and the speed of sound are
 ; u, and c, respectively. Turbulent velocrepresented by p; q
ity is indicated by u0i . The acoustic pressure is denoted with
p, and the time is represented by t. The coefficient of nonlinearity is b; for a gas, this is defined by b ¼ ðc þ 1Þ=2. The
diffusivity of sound (d) is defined by Lighthill.30 The material derivative operator in Eq. (1) includes the turbulent
velocity in the convective term,
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Of interest in this paper is to capture the effects of the
velocity fluctuations on the sonic boom waveform.
Therefore, the terms with mean flow, density fluctuations,
and fluctuations of the speed of sound are eliminated from
Eq. (1). Thermoviscous absorption and molecular relaxation of the medium are not considered, to isolate the attenuation effect due to turbulence. Additionally, the medium
of propagation is not stratified, so the mean density and
speed of sound are constant in the domain. The integral
length scales (Lf; see Batchelor31 for definition) of the turbulent field considered here vary from 80 to 200 m. For
these scales, the spatial derivatives of the turbulent velocity scale as u0 =Lf and are generally an order of magnitude
less than u0 . This was verified numerically when we calculated the spatial derivatives of the velocity fluctuations.
Therefore, we neglect the spatial derivatives of the velocity fluctuations. Applying these assumptions, Eq. (1) can
be rewritten as
2
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which is a wave equation with perturbation terms on the
right-hand side. To compute the forward solution, Eq. (3)
must be written in terms of the delayed time s ¼ t  c1 x1 ,
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FIG. 1. Domain and coordinate system of the sonic boom simulations.
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(4)

Equation (4) is a partially one-way equation, and the forward solution is computed numerically in our simulations.
Carr et al.
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Each physical effect is solved independently, and the solution
is composed with a Strang32 split-step method. The terms in
Eq. (4) are split into several groups representing different physical effects. This is the approach that Luquet10 adapted to solve
Eq. (4), where the composed solution for the acoustic pressure is
D
H
N
pðx1 þ Dx1 Þ ¼ pNDx1 =2  pH
Dx1 =2  pDx1  pDx1 =2  pDx1 =2 ;

(5)

and  is the composition operator. The superscripts N, D, and
H indicate terms representing the solution involving nonlinear, diffraction, and heterogeneous effects. The first term on
the right-hand side of Eq. (4) contains the diffraction effects.
The next two terms are heterogeneous terms that account for
the effects of turbulent velocity fluctuations on the waveform. The last term in Eq. (4) represents nonlinear
distortion.
The methods used to independently compute the diffraction, heterogeneous effects, and nonlinear effects are
adapted from previous numerical approaches by Luquet10
and Stout.9 The diffraction effects are computed exactly in
the forward direction using the angular spectrum method.10,33
The heterogeneous terms are split into two groups. The first
group involves only terms with derivatives of the acoustic
pressure in s or x1. The governing equation for this first group
can be solved exactly for the forward propagating step, and
the solution is incorporated into the nonlinear computation following the procedure of Stout.9 The second group contains
heterogeneous terms with derivatives of the pressure in the
transverse directions. Variability of the turbulent field and subsequently the waveform in the transverse directions lead to
wavefront folding.3,34 Stout9 integrates these terms with an
implicit backward finite difference method. In this work, we
adopt the same approach but integrate these terms with the
Crank–Nicolson35 scheme because of the unconditional stability of the method. The nonlinear effects are governed by the
inviscid Burgers’ equation. The algorithm implemented to
solve the inviscid Burgers’ equation is outlined by Hayes
et al.36 and generalized to nonquadratic nonlinearities by
Coulouvrat.37

from PCBoom, which are then resampled and prescribed at
x1 ¼ 0 m. Both waveforms are sampled at 12 kHz.
The computational domain is discretized by a uniform
grid. The spatial step size in the x1 direction is 2 m. The
transverse directions are 1022 m in length, and the distance
between grid points is 2 m. A study was conducted to
ensure that the results converge when the grid is refined
from 8 m spacing to 4 m and then to 2 m. The Taylor microscale of the generated fields is approximately kt ¼ 5 m for
all simulations. Therefore, with the chosen grid size, the
turbulent field is sampled at approximately ð2=5Þkt .
Periodic boundary conditions are implemented at the transverse boundaries.
The parameter space of the simulations is meant to
mimic the turbulence fluctuation intensities and length
scales found in the ABL. Klipp41 shows that integral scales
over flat terrain can vary between 80 and 250 m at approximately 50 m above ground during the daytime and between
15 and 60 m during a near-neutral night. For the current
study, the longitudinal integral scale (Lf) was prescribed to
be 100 m, which mimics a daytime condition. Turbulence
measurements taken at AFRC during the SonicBAT flight
test indicate that the turbulence rms velocity ranged within
0:35 m=s < urms < 2:45 m=s. Based on the range of rms
velocities in SonicBAT, the rms velocity was varied in our
simulations between 0.20 and 3.0 m/s in an increment of
0.40 m/s.
The method of Frehlich et al.42 is used to generate the
turbulent velocity fields. This method simulates all three
velocity components of the field and accounts for the crossspectral densities between each component. The 3D velocity
field, according to Monin and Yaglom,43 can be represented
by the Fourier–Stieltjes integral
ð1
exp ðik  xÞdZi ðkÞ;
(6)
u0i ðxÞ ¼
1

B. Simulation parameters and velocity fields

We consider the propagation of two waveforms, a simulated shaped low-boom waveform from the NASA X-59
C609 aircraft and an N-wave of similar amplitude. The
NASA low-boom waveform is computed from a design iteration of NASA’s X-59 QueSST aircraft at a free-stream
Mach number of 1.40 at an altitude of 54 000 ft.38 The Nwave was computed by PCBoom for a cruising altitude of
54 000 ft, to match the low-boom on-design cruising altitude, and no ground reflection factor was applied, which led
to an amplitude similar to that of the low-boom waveform.
For the simulations considered here, the waveforms are initially propagated to the top of the ABL by PCBoom.7,39,40
Then the PCBoom output waveforms are resampled with
Lanczos resampling to prevent Gibb’s phenomenon at the
shocks and prescribed as inputs to the simulations performed here. Figure 2 shows the output waveforms
J. Acoust. Soc. Am. 151 (6), June 2022

FIG. 2. (Color online) The two initial waveforms considered, prescribed at
the x1 ¼ 0 plane: the N-wave (dashed line) and the simulated low-boom
waveform from the NASA X-59 C609 aircraft (solid line). Both waveforms
shown in the figure have been propagated by PCBoom (Ref. 40) to just
above the ABL region.
Carr et al.
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where Zi is the spectral contribution of component i. The
functions Zi are the Fourier modes of each velocity component. By making use of the relation
dZi ðkÞdZj ðk0 Þ ¼ dðk  k0 ÞUij ðkÞdkdk0 ;

(7)

where d is the Dirac delta function, we are able to model the
Fourier modes. Equation (7) shows that the Fourier modes
are directly related to the velocity spectrum Uij . The relation
between the energy spectrum E and the velocity spectrum
Uij for an incompressible flow is
Uij ðkÞ ¼


EðkÞ  2
k dij  ki kj :
2
4
4p k

(8)

We chose to model Uij with the von Karman composite
spectrum,44,45
4Cð17=6Þ
u2rms k4 L50
EvK ðkÞ ¼ pﬃﬃﬃ
:
pCð1=3Þ ð1 þ k2 L20 Þ17=6

(9)

(10)

The expression to model the Fourier modes of the longitudinal velocity component is the square root of the velocity
spectrum multiplied by a set of uncorrelated complex random numbers (N1) drawn from a uniform distribution with
zero mean and variance equal to 1,
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð Þ
(11)
dZ1 ðkÞ ¼ N1 ðkÞ UvK
11 k dk1 dk2 dk3 :
This ensures that the average of the Fourier modes multiplied
by their complex conjugate is equal to UvK
11 ðkÞdk1 dk2 dk3 only
when k ¼ k0 .
The u1 velocity component is generated by taking the
1=2
. However, to
inverse Fourier transform of N1 ðUvK
11 ðkÞÞ
generate all three velocity components, we must account for
the cross-spectral density. This can be achieved by modeling
the Fourier modes by
2
3 2
32 3
H11
0
0
N1
dZ1
6
7 6
76 7
(12)
0 54 N 2 5;
4 dZ2 5 ¼ 4 H12 H22
dZ3
N3
H13 H23 H33
where the H matrix is given by Shinozuka46 as a function of
the model velocity spectrum UvK
ij . The velocity field is generated by computing the inverse Fourier transform of each
Fourier mode.
Each velocity field is categorized by a longitudinal
integral scale and rms velocity. The longitudinal integral scale is the integral of the longitudinal correlation
function,
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Lf ¼

ð1

f ðrÞdr;

(13)

0

Here, C is the gamma function, and urms is the rms velocity
of the turbulence. The outer scale L0 is related to the integral
length scale by the expression
Cð1=3Þ
Lf :
L0 ¼ pﬃﬃﬃ
pCð5=6Þ

FIG. 3. (Color online) Comparison of the average computed longitudinal
(circles) and lateral (triangles) correlations for all 25 fields with urms ¼ 1:04 m/s
and Lf ¼ 106:2 m compared to the correlation functions of the von Karman
model (solid and dashed lines).

and the lateral integral scale (Lg) is the integral over the lateral correlation function. This is related to Lf by the expression of g given by Batchelor,31
ð1
1
Lg ¼
gðrÞdr ¼ Lf :
(14)
2
0
Wilson47 gives expressions for the longitudinal and lateral correlations (f vK and gvK) based on the von Karman
model [Eq. (9)]. For validation purposes, the computed correlations of the generated fields were compared to the
expressions of f vK and gvK. For each specific urms and Lf
value, we generate 25 random realizations of the 3D velocity field. Figure 3 displays the average computed correlations for urms ¼ 1:03 m/s and Lf ¼ 106:2 m of the N-wave
simulations alongside f vK and gvK. The relative error of f,
defined as the L2 norm of the error normalized by the L2
norm of f vK, is 0.09, which indicates good agreement. The
relative error of g is 0.08, which is consistent with the error
for the longitudinal correlation.
In Table I, the longitudinal and lateral length scales are
shown along with the variance of each velocity component
TABLE I. Computed integral scales and rms velocity of the turbulent fields
generated for the N-wave simulations.
Case

Lf (m)

Lg (m)

Lf =Lg

urms (m/s)

1
2
3
4
5
6
7
8
9

0.0
88.9
91.8
106.2
86.7
108.2
89.7
81.8
88.2

0.0
43.9
41.5
50.1
48.0
52.1
51.5
61.5
44.2

NAa
2.03
2.21
2.12
1.81
2.08
1.74
1.33
1.99

0.0
0.22
0.62
1.03
1.44
1.90
2.29
2.72
3.05

a

Not applicable (NA).
Carr et al.
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for the N-wave simulations. Each case corresponds to a rms
velocity setpoint (e.g., for case 2, urms ¼ 0:2 m/s), and 25
different realizations of the velocity field are generated for
each setpoint. Then, once the fields have been generated, the
length scales and rms velocity are computed and averaged
across each realization to find the true setpoint values. These
values provide a quantitative measure of the isotropy of the
generated fields. For isotropic turbulence, Lg ¼ 0:5Lf . The
ratio Lf =Lg for each case is within a range of 2.00 6 0.26,
except for case 8, where Lf =Lg ¼ 1:33. The length scales
and urms of the turbulent fields generated for the low-boom
propagation cases are given in Table II. The most significant
deviation in the ratio Lf =Lg from a value of 2 is Lf =Lg
¼ 2:49 for case 5.
By generating the turbulence with a von Karman energy
spectrum, we make an assumption of homogeneity and isotropy. In general, ABL turbulence near the ground is inhomogeneous, especially in windy conditions.48 However, in
calm sunny day conditions, homogeneous turbulence is a
suitable approximation of buoyancy driven turbulence in the
ABL, for the purposes of sonic boom propagation studies. In
practice, the results we obtain are limited to calm sunny day
conditions due to these underlying assumptions of the turbulent fields that are generated. The purpose of making these
assumptions is the ability to formulate a length scale to
examine the problem on a non-dimensional basis, which is
discussed further in Sec. IV.
IV. RESULTS AND DISCUSSION

The results for cases 2–9 are presented below. In Sec.
III B, it was mentioned that the nominal waveforms were
resampled with Lanczos resampling before being used as
input to the simulations, to avoid Gibb’s oscillations in the
computations. The nominal condition refers to the initial
N-wave or low-boom waveform and is denoted with a subscript “nom.” The process of resampling the nominal waveform introduces a small amount of numerical dissipation to
the waveforms before conducting the simulations. This dissipation was recognized as a complicating factor in estimating the nominal waveform. To address this, we do not
consider the average noise metric values in Sec. IV E but
rather the average decrease in the noise metrics from the
TABLE II. Computed integral scales and rms velocity of the turbulent
fields generated for the low-boom simulations.
Case
1
2
3
4
5
6
7
8
9

Lf (m)

Lg (m)

Lf =Lg

urms (m/s)

0.0
79.8
89.4
78.6
94.6
93.4
80.8
96.6
77.8

0.0
49.0
42.8
32.0
38.0
45.2
42.2
56.3
43.5

NA
1.63
2.08
2.45
2.49
2.07
1.91
1.72
1.78

0.0
0.21
0.61
1.04
1.47
1.86
2.39
2.62
3.15

J. Acoust. Soc. Am. 151 (6), June 2022

nominal condition. Thus, the results hold whether the nominal metric values are computed directly from the PCBoom
output or from the resampled waveforms. Simulations were
also performed without turbulence to verify that the effect
of nonlinear distortion of the waveforms on the noise metrics is relatively small. It was found that, for both waveforms, the PL metric value changes by no more than 2% of
its initial value due to nonlinear distortion. Since atmospheric absorption is not considered and the nonlinear distortion that each waveform in Fig. 2 experiences is small,
we assume that the overpressure and metric values are equal
to the nominal condition at every location in the domain in
the case of no turbulence.
A. Length scale

We examine predictions on a nondimensional basis.
Appropriate nondimensional parameters for the problem
should include the effects of the fluctuation intensity and
turbulent length scales and collapse the predictions appropriately. To determine the appropriate length scale to nondimensionalize the results by, we consider three different
length scales, two of which have appeared previously in the
literature for wave propagation
turbulence. The
pﬃﬃﬃ1 through
2=3
caustic distance scale 2 p Lf rKW of Kulkarny and
White49 is the first length scale considered. Kulkarny and
White49 determined through the use of geometrical
pﬃﬃﬃ1acoustics
2=3
that caustics occur on a distance scale of 2 p Lf rKW ,
where
ð1 4
@
R r ;0
(15)
r2KW ¼
4 11 ð 1 Þdr1
@r
1
2
is the scaling factor suggested by Kulkarny and White, r1 is
the longitudinal separation distance, r2 is the lateral separation distance, and R11 is the longitudinal correlation. The
2=3
standard deviation of the ray directions is rKW .
50
Blanc-Benon et al. consider the case of a Gaussian
correlation of the turbulent velocities. After integration with
2=3
the Gaussian correlation, the expression for rKW becomes
2=3

601=3 urms p1=6
;
(16)
L
pﬃﬃﬃ1
where L ¼ 2 p Lf .
pﬃﬃﬃ1
2=3
The distance scale 2 p Lf rKW is limited to waves
with a wavelength less than a typical length scale of the turbulence. The wavelength for the N-wave in our simulations
is approximately k ¼ 51 m, with c ¼ 343 m/s. The assumption of Kulkarny and White49 that k  Lf is not satisfied for
the simulations considered here, where Lf varies between
77.8 and 108.2 m. In Fig. 4, the PDFs of the location of the
first caustic along the propagation direction are plotted for
cases 3–9 of the N-wave simulations. The location of the
first caustic in our simulations was determined to be the
first location along the propagation axis at each transverse
location, where Dp > 1:5Dpnom and Dp is the maximum
overpressure.
2=3

rKW ¼
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FIG. 4. (Color online) Probability density functions (PDFs) of the first
occurrence of a caustic PðDp > 1:5Dpnom Þ, computed from simulations,
compared to the results of Kulkarny and White (Ref. 49) (dashed line).

Although the small wavelength assumption of Kulkarny
and White is not satisfied for our simulations, we see in Fig. 4
that for urms  1:8 m/s (cases 6–9), the distance to the first
caustic (xcaust ) in our simulations agreed with the results of
Kulkarny and White.49 The maxima of the PDFs for cases
6–9 occur near the same location as the maximum of the
2=3
Kulkarny and White result, x1 rKW L1 ¼ 1:3. However, for
cases 3 and 4, the computed PDFs do not agree with the
Kulkarny–White prediction, and thus motivated the search
for a different scaling distance. For case 3, the computed PDF
2=3
has a peak at x1 rKW L1 ¼ 3:75, and for both cases 3 and 4,
2=3
the probability of a caustic occurring beyond x1 rKW L1 ¼ 5
is larger than the Kulkarny–White prediction. This disagreement between the computed PDFs and the Kulkarny and
White49 prediction at lower urms values causes the scalar statistics of the loudness metrics for these cases to have signifi2=3
cant disagreement with cases 6–9 along x1 rKW L1 .
8
Yuldashev considers the refraction length xr behind a
random phase screen with Gaussian correlation length,
which is inversely proportional to the standard deviation of
the ray directions. Using a one-dimensional random phase
screen to represent the turbulence, Rudenko and Enflo51
determined that the standard deviation of the overpressure
rDp increases linearly according to rDp ¼ 0:5x1 x1
before
r
reaching a maximum value. Yuldashev et al.8 assume this
relationship to be true for each turbulent condition to find
the dependence of xr on the rms velocity urms . Yuldashev
et al.8 determined from linear regression of each simulation
to satisfy rDp ¼ 0:5x1 x1
that xr has the following depenr
dence on the rms velocity:


0:01
c 0:9
:
xr ¼ 0:8
urms

(17)

is true for all
Equation (17) assumes rDp ¼ 0:5x1 x1
r
simulations; however, the expression was determined with
geometrical acoustics for a one-dimensional random phase
screen with a Gaussian correlation. Turbulence is 3D in
nature and is not a Gaussian process, and the geometrical
3586

J. Acoust. Soc. Am. 151 (6), June 2022

acoustics assumption is not applicable for our simulations,
where the wavelength is close to the integral scale of the turbulence. For this reason, we do not use xr to nondimensionalize our results.
Pierce17 suggests that rippling in the wavefront, caused
by inhomogeneities in the medium, leads to random focusing and defocusing. We propose a new length scale to
account for the average effect of the turbulent field on the
random focusing of the sonic boom. Davy and Blackstock16
demonstrated qualitatively the focusing and defocusing
effect on an N-wave by a spherical inhomogeneity. In the
turbulent field, there will be velocity perturbations that focus
the wave and some that defocus the wave. In previous
research,8,50 the rms refraction index urms c1 appears in the
expressions of length scales used to nondimensionalize simulation results. In the length scale proposed here, the rms
refraction index of the velocity fluctuations will be the
parameter used to quantify the impact of turbulence intensity on the random focusing of the wave.
We consider a spherical lens, where the index of refraction is
n¼1þ

urms
:
c

(18)

The location of the focus is
‘f ¼

1 na
;
2n  1

(19)

where a is the radius of the lens. For a turbulent medium,
we assume that the radius of the lens would be a function of
some length scale Lc of the turbulent flow, a ¼ FðLc Þ. It is
not clear what the length scale of the flow should be or what
the form of F should look like. We propose to approximate
the relationship between the length scale and the radius a as
linear and set Lc ¼ Lf. By doing so, we assume that the
focusing distance and integral length scale are directly proportional when the rms velocity and sound speed are held
fixed. The radius a is thus expressed as
a ¼ C1 Lf :

(20)

The resulting form of ‘f is then
‘f ¼

C1 Lf c þ urms
;
2
urms

(21)

where C1 is the constant of proportionality. This constant
was chosen to be 0.065 so that the most probable location of
the first caustic will occur at x1 =‘f ¼ 1.
When the integral scale is held constant, ‘f changes
only when c=urms varies. The proportionality of ‘f to c=urms
is actually quite close to the expression of the refraction
length [Eq. (17)], which is proportional to the same quantity
raised to 0.9. Additionally, it should be noted that Pierce
and Maglieri3 suggest the radius of curvature of a ripple in
the wavefront caused by a velocity perturbation u0 is proportional to c=u0 when the length scale is held constant.
Carr et al.
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The PDF of the location of the first caustic for each simulation was computed for the scaled propagation distance
x1 ‘1
f and plotted in Fig. 5. The computed PDF of each case
has a maximum in the range 0:83  x1 ‘1
f  1:27.
Previously, the maximum PDF locations for the results
scaled by the Kulkarny–White scale were in a range of
2=3
1:0  x1 rKW L1  3:75. Thus, the collapse of the PDFs
with respect to x1 ‘1
shows improvement over the
f
Kulkarny–White scaling (Fig. 4).
The benefit of the new parameter ‘f is its ability to consistently predict the maximum probable location of the first
caustic across the entire range of rms velocities considered.
The PDF of xcaust was computed only for the N-wave simulations. This is because, for the low-boom waveform, the rise
time is initially much longer, and overpressure values that
are 50% greater than the initial overpressure rarely occur.
Although the PDF was not computed for the low-boom simulations, the parameter ‘f is used to scale the results of both
waveforms. The collapse of the loudness metric data for
both waveforms will be investigated further in Sec. IV E.

FIG. 6. (Color online) Sample waveforms at different x1 ‘1
locations for
f
case 6 of the N-wave simulations.

In the remainder of Sec. IV, the loudness levels and
metric values are reported. These quantities are computed
from waveforms extracted at 342 different x1 locations for
each simulation performed. At each x1 location, 100 waveforms are extracted in the x2 and x3 directions, with each
location separated from another by at least 100 m. For each
turbulence case, 25 simulations are performed. The averages
of the loudness metrics computed along the propagation
direction are thus determined from a set of 2500 different
waveforms. Some sample waveforms extracted at different
x1 ‘1
f locations for the N-wave and low-boom waveform are
shown in Figs. 6 and 7, respectively. These waveforms are
extracted from the same transverse locations (x2 and x3).
The N-waves in Fig. 6 illustrate the peaking and rounding
effects.

The loudness for frequencies of 6.3 Hz to 5 kHz is computed at each x1 ‘1
location. The loudness for higher bands
f
is not computed because these bands are above the Nyquist
frequency. The sampling frequency of 12 kHz was determined based upon computational resources and comparisons
to the loudness metrics computed with a sampling frequency
of 34 kHz. The loudness metrics computed with a 12 kHz
sampling frequency were found to be within 60.2 dB of the
metrics computed at higher sampling frequencies. The PL
was computed following the procedure of Jackson and
Leventhall.52
Figure 8 displays the average loudness in sones for each
one-third octave band considered at different x1 ‘1
locaf
tions. For both waveforms, the loudness for frequencies
between 100 and 1000 Hz decreases significantly along
1
represents the effective propagation disx1 ‘1
f . Since x1 ‘f
tance through turbulence, the results indicate that turbulence
reduces the loudness in the range of 100–1000 Hz but has

FIG. 5. (Color online) PDFs of the first occurrence of a caustic PðDp
> 1:5Dpnom Þ, computed from simulations, along the scaled propagation
distance x1 ‘1
f .

FIG. 7. (Color online) Sample waveforms at different x1 ‘1
locations for
f
case 6 of the low-boom simulations.

B. Loudness

J. Acoust. Soc. Am. 151 (6), June 2022

Carr et al.

3587

https://doi.org/10.1121/10.0011514

FIG. 8. (Color online) Average loudness levels for the one-third octave
bands in sones at case 9 for the N-wave (solid lines) and low-boom waveform (dotted lines).

little effect on the loudness from 10 to 100 Hz. Physically,
this is an indication that the turbulence more effectively
reduces loudness in the 100–1000 Hz frequency range.
In Figs. 9 and 10, the one-third octave band loudness levels in sones are plotted for three different urms levels with
fixed at 1 and 5, respectively. When x1 ‘1
is held fixed
x1 ‘1
f
f
and urms is increased, there is a slight variation among the different loudness spectra, specifically between 100 and 1000 Hz.
The spectra for both waveforms appear to show a better collapse with respect to the scaling distance ‘f for x1 ‘1
f ¼1
rather than x1 ‘1
¼
5.
This
indicates
that
the
loudness
metrics
f
may show a better collapse for small x1 ‘1
f values.
C. Probability distributions of loudness metrics
for the N-wave

Results from Stout9 and Bradley et al.15 indicate that
the DPL is well approximated by a normal distribution after
propagation through turbulence for the majority of probabilities. In this section, our results indicate that DPL is well
approximated by a normal distribution for all probabilities
up to a certain propagation distance that depends on the
turbulence level. Here, DPL is the difference between
the PL obtained from our simulations and the nominal,

FIG. 9. (Color online) Average loudness levels in sones at x1 ‘1
f ¼ 1 for the
N-wave (solid lines) and low-boom waveform (dotted lines).
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FIG. 10. (Color online) Average loudness levels in sones at x1 ‘1
f ¼ 5 for
the N-wave (solid lines) and low-boom waveform (dotted lines).

PL  PLnom. The nominal PL is the PL at x1 ‘1
f ¼ 0. Since
we consider an ensemble of isotropic turbulent fields, DPL
is a random variable, and its average DPL is a function of
the propagation distance. It should be noted that the shape
of the distribution computed for the delta values of each
metric will be the same as the shape of the distribution of
the metrics themselves, since we are simply normalizing by
the nominal value. Thus, we can draw conclusions about the
PL distribution by examining the DPL distribution and so on
for the other metrics considered. For a visual representation
of the DPL distribution, the cumulative probability of
DPL  DPL is shown in Fig. 11 at two x1 ‘1
f locations. The
dashed lines in Fig. 11 represent theoretical normal distributions, and the symbols represent the computed cumulative
probabilities of the data. Figure 11 shows that as the value
increases, the distributions deviate more signifiof x1 ‘1
f
cantly from the normal distribution. Specifically, the probability of DPL being 3–8 dB lower than the average is lower
than what is predicted for a normal distribution.
The deviation of the distribution from the theoretical
increased was observed
normal distribution as x1 ‘1
f

FIG. 11. (Color online) Probability plots of DPL with respect to the average
for case 9 of the N-wave simulations.
Carr et al.
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consistently across all rms velocities and loudness metrics
considered (PL, ISBAP, BSEL, DSEL, and ESEL). Each
metric has a tendency to skew to the right of a normal distribution as x1 ‘1
f increases. It should be noted that DDSEL is
skewed to the right of a normal distribution for x1 ‘1
f > 0:5,
so it can be approximated by a normal distribution only for
very small x1 ‘1
f values.
We examined the normality quantitatively by conducting hypothesis tests on the distributions of each metric along
the propagation direction. The two tests considered to examine the normality of the distributions are the
Anderson–Darling (AD)53 and the Kolmogorov–Smirnov
(KS)54 tests. The p-value of each test was computed, and if
the p-value was greater than the significance level (set to
0.05), then the distribution was considered to be normal. A
significance level of 0.05 is commonly used in statistical
studies.55 It should be noted that the American Statistical
Association has stated that, “Scientific conclusions and business or policy decisions should not be based only on
whether a p-value passes a specific threshold.”55 For this
reason, probability plots are provided as supplemental evidence to be used in conjunction with the hypothesis tests.
For each metric, except DDSEL, the hypothesis tests
indicated that there was a value of x1 ‘1
f for each case where
the p-values past these locations are always below the significance level. We denote this location as the transition
location xt, where hypothesis tests indicate that for x < xt
the metric can be considered normal and for x > xt we cannot draw the conclusion of normality. The p-values for
DDSEL were below the significance level for x1 ‘1
f > 0:5 at
all turbulence levels. The values of xt for DBSEL, DESEL,
DISBAP, and DPL are presented in Tables III and IV. Each
hypothesis test was conducted at an interval of
Dx1 ‘1
f ¼ 0:1, and the xt was determined to be the location
where both hypothesis tests return p-values less than the significance level for x1  xt . Tables III and IV show that the
value of xt is fairly consistent across all metrics for each
case. Since each test was conducted at an interval
Dx1 ‘1
f ¼ 0:1, each value of xt has the associated uncertainty
of 60:1‘f . The results indicate that to a good approximation,
the loudness metrics are no longer normally distributed for
x1 ‘1
f > 2:5. In terms of the physical distance x1, the transition locations decrease as the rms velocity increases. At the
same dimensional propagation distance, x1, the distributions
of the loudness metrics will become increasingly skewed
from a normal distribution as the turbulence intensity
increases.

TABLE IV. Values of the transition location (xt) for BSEL and ESEL for
cases 3, 5, 7, and 9.
Case
3
5
7
9

DBSEL
2.1 ‘f
2.1 ‘f
2.3 ‘f
2.3 ‘f

(3472.3 m)
(1415.4 m)
(1011.0 m)
(748.0 m)

DESEL
1.9 ‘f
1.8 ‘f
2.2 ‘f
2.1 ‘f

(3141.7 m)
(1213.2 m)
(967.0 m)
(683.0 m)

It should be noted that the hypothesis tests conducted
here examine the normality of the distribution for all cumulative probabilities and that our results are in agreement with
those of Stout.9 Qualitative examination of the probability
distributions of PL and ISBAP obtained by Stout9 for low,
medium, and high intensity turbulence shows that as the turbulence intensity increases (i.e., increasing urms ), the distributions skew increasingly further to the right of a normal
distribution. In fact, for the vast majority of the N-wave
data, Stout9 states that the normal distribution closely
approximates the simulation data from 5%–10% cumulative
probability up to 90%–95% cumulative probability. Even for
the highest urms case considered (case 9) in our simulations,
Fig. 11 shows that at x1 ‘1
f ¼ 5, the distribution follows a
normal distribution between 10% and 95% cumulative probability. Thus, the results presented here appear to be consistent with previous results from numerical simulations.
D. Probability distributions of loudness metrics
for the shaped waveform

Distributions of the DPL and DISBAP for the lowboom waveform are similar to those computed for the
N-wave. In Fig. 12, the DPL probability distribution closely
1
follows a normal distribution for x1 ‘1
f ¼ 1. At x1 ‘f ¼ 5,
the distribution is skewed to the right of a normal distribution, which is consistent with the N-wave results.
Similar to the N-wave procedure, hypothesis tests were
conducted to determine the location of xt for the low-boom

TABLE III. Values of the transition location (xt) for PL and ISBAP for
cases 3, 5, 7, and 9.
DPL

Case
3
5
7
9

2.3 ‘f
2.1 ‘f
2.4 ‘f
2.4 ‘f

(3803.1 m)
(1415.4 m)
(1054.9 m)
(780.6 m)
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DISBAP
2.4 ‘f
2.4 ‘f
2.4 ‘f
2.4 ‘f

(3968.5 m)
(1617.6 m)
(1054.9 m)
(780.6 m)

FIG. 12. (Color online) Probability plot of DPL with respect to the average
for case 9 of the low-boom simulations.
Carr et al.
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simulations. Table V presents the values of xt only for the
DPL and DISBAP. For DDSEL, there was no clear transition
region, as the p-values fell below 0.05 at nearly every location
along the propagation direction. For DBSEL and DESEL, the
distributions were normal only for x1 ‘1
f < 1:0; this was true
for each rms velocity considered. Thus, the hypothesis tests
show no indication of normality for DDSEL, while DBSEL
and DESEL are only normally distributed for small values of
x1 ‘1
f . The transition region for DPL is only slightly larger on
average than the N-wave results. The normality of DPL
appears to be consistent for both waveforms considered. The
values of xt for DISBAP were approximately twice as large as
the N-wave results, a strong indication that DISBAP is
normally distributed for longer propagation distances for the
low-boom waveform than the N-wave. For case 3, hypothesis
tests suggest that DISBAP is normally distributed in the entire
domain. Although the transition region in terms of the nondimensional distance x1 ‘1
f is nearly constant for varying rms
velocity, the dimensional distance, x1, where xt is located
decreases for both DPL and DISBAP. This result is consistent
with the N-wave simulations.
E. First and second moments of the loudness metrics

The average of the loudness metrics as a function of the
normalized propagation distance provides insight into the
effect of the turbulent field on the perceived loudness of
both waveforms. Figure 13 shows the curves of average
DPL, DISBAP, DBSEL, and DESEL for the N-wave and
four separate cases. The average DDSEL is not shown
because it overlaps with the curves for DBSEL, making it
difficult to distinguish between the two. The average value
of each metric decreases rapidly for x1 ‘1
f  2. Beyond
x1 ‘1
f  3, the decrease is approximately linear for each turbulence condition. For the low-boom waveform (Fig. 14),
1
each metric initially decreases rapidly along x1 ‘1
f . As x1 ‘f
increases, each metric approaches a constant value. The
DESEL is not shown in Fig. 14 since it nearly overlaps the
DISBAP results, and qualitatively there is not much to distinguish between the two. Both the N-wave and low-boom
waveform were propagated a physical distance of 4094 m;
however, since turbulent fields generated for the N-wave
simulations did not have exactly the same value as those for
the low-boom simulations (Tables I and II), the nondimensional distances propagated by each waveform were different. This is evident in the figures presented in this section,
where the x1 ‘1
f travelled is larger for the low-boom simulations of case 9 than it is for the N-wave simulations.

FIG. 13. (Color online) Mean values of DPL, DISBAP, DBSEL, and
DESEL for the N-wave.

At all propagation distances, the average value of each
loudness metric decreases with respect to the nominal.
Bradley et al.15 argue that this decrease is due in part to the
average increase in the rise time of the wave, observed by
Lipkens and Blackstock.11 In our simulations, we also
observed that the average rise time increased with propagation distance, which is consistent with the viewpoint of
Bradley et al.15 The N-wave data are well collapsed for
small values of x1 ‘1
f ; however, the low-boom data do not
show a strong collapse when the propagation direction is
scaled by ‘f . Specifically, the propagation cases at lower turbulence intensities experience a larger drop-off in average
value at the same x1 ‘1
locations for both waveforms. This
f
is due to the sensitivity of the loudness to the rms velocity,
shown in Figs. 9 and 10. To obtain a better collapse of the
low-boom metric data, ‘f would have to be modified to
account for this sensitivity.
The standard deviation of DPL (rDPL ) along the normalized propagation direction is shown in Fig. 15 for the Nwave simulations and Fig. 16 for the low-boom simulations.
The rDPL of both waveforms are qualitatively very similar
along x1 ‘1
f . The standard deviation of each metric was
found to increase linearly for small values of x1 ‘1
f .

TABLE V. Values of the transition location (xt) for PL and ISBAP for cases
5, 7, and 9.
Case
3
5
7
9

3590

DPL

DISBAP

2.5 ‘f (4091.6 m)
2.4 ‘f (1729.1 m)
2.5 ‘f (948.8 m)
2.6 ‘f (722.4 m)

NA
4.7 ‘f (3386.2 m)
4.9 ‘f (1859.6 m)
4.7 ‘f (1305.9 m)
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FIG. 14. (Color online) Mean values of DPL, DISBAP, DBSEL, and DDSEL
for the low-boom waveform.
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TABLE VI. Numerical estimation of the rate of
rDPL ; rDISBAP ; rDBSEL , and rDESEL for small values of x1 ‘1
f .
Metric
DPL
DISBAP
DBSEL
DDSEL
DESEL

FIG. 15. (Color online) Standard deviation of PL for the N-wave.

The slope of rDPL for the N-wave in case 9 was determined
to be 4.66, found by a linear regression performed for x1 ‘1
f
 0:5. For the low-boom waveform, the same process
resulted in a computed slope of 3.72 for small x1 ‘1
f values.
For each metric considered here (DPL, DISBAP, DBSEL,
DDSEL, and DESEL), the slope of the standard deviation at
is found to be consistently larger for
small values of x1 ‘1
f
the N-wave simulations than the low-boom simulations.
This is an indication that once the N-wave begins to propagate through a layer of turbulence, the variance of the loudness levels increases at a faster rate than the variance would
for a shaped waveform like the one considered here. The
for x1 ‘1
slopes of each metric with respect to x1 ‘1
f
f  0:5
are shown in Table VI. For each metric considered, the slope
of the standard deviation for the N-wave simulations is
approximately 1 dB greater than the slope of the low-boom
simulations.
The maximum value of the standard deviation of each
metric along the propagation distance, denoted by rmax
DPL for
the DPL, is fairly consistent across all turbulence rms velocities. Since these values are close in magnitude for each turbulence case, we will examine the average and standard
max
max
max
max
deviation of rmax
DPL ; rDISBAP ; rDBSEL ; rDDSEL , and rDESEL
computed from all cases. The average value will be denoted

change

of

N-wave

Low-boom

Difference

4.66
3.03
3.89
3.00
4.77

3.72
1.98
2.85
2.00
3.73

0.94
1.05
1.04
1.00
1.04

rmax
lrmax
DPL for the PL, and the standard deviation is rDPL .
rmax
rmax
6r
for all metrics of
Table VII shows values of l
the N-wave and low-boom simulations. The deviation of
rmax is small for the N-wave simulations. This indicates that
the magnitude of the maximum standard deviation of each
metric attained in the N-wave simulations is independent of
the turbulence rms velocity. Additionally, the location
where the standard deviation attains a maximum for the
N-wave cases is generally well collapsed across different
rms velocities. For the DPL, this location is approximately
x1 ‘1
f ¼ 2. For the low-boom simulations, the deviation of
max
is larger than the N-wave simulations. However, the
r
rrmax values are still less than 10% of the lrmax values for
all but the DDSEL, indicating that the spread of rmax is
small for the low-boom simulations as well. The lrmax values of the metrics for the N-wave simulations are always
larger than those for the low-boom, except for DPL, which
matches up to three significant figures. From this, we can
infer that the variation in loudness is larger on average for
the N-wave than the low-boom waveform.

V. SUMMARY AND CONCLUSIONS

The effects of a kinematic field of turbulence on the
loudness metrics for an N-wave and the low-boom waveform of the NASA X-59 QueSST were investigated numerically with a one-way propagation method. The two
waveforms are not greatly affected by nonlinearity. A length
scale, ‘f , was proposed to account for the effect of the rms
velocity and turbulence integral scale on the formation of
caustics. Across the range of urms values considered, the
PDF of xcaust attains a maximum around x1 ‘1
f ¼ 1. The
mean values of DPL, DISBAP, DBSEL, DDSEL, and
DESEL collapse for the N-wave in the range x1 ‘1
f  2.
For shaped waveforms, scaling the propagation distance in
terms of ‘f is not adequate to collapse the mean loudness
TABLE VII. The average of the maximum values of the standard deviation
of each metric across all cases, lrmax , and associated standard deviations,
rrmax .

FIG. 16. (Color online) Standard deviation of PL for the low-boom
waveform.
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rmax
lrmax
DPL 6rDPL
rmax
lrmax
6r
DISBAP
DISBAP
rmax
lrmax
DBSEL 6rDBSEL
rmax
lDDSEL 6rrmax
DDSEL
rmax
lrmax
DESEL 6rDESEL

N-wave

Low-boom

3.37 6 0.01
3.11 6 0.12
3.14 6 0.03
2.65 6 0.06
3.26 6 0.02

3.37 6 0.10
2.76 6 0.21
2.74 6 0.16
2.19 6 0.39
2.87 6 0.12
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metric data, which at the same x1 ‘1
f locations vary with rms
velocity of the turbulence. However, the standard deviation
of DPL for the shaped waveform is more consistent with
some of the features observed in the N-wave data and shows
a collapse of the data for high rms velocities. For the N-wave,
the agreement of rDPL across several different cases hints at
the potential to model rDPL by a function of the nondimensional distance. Researchers who desire a quick estimation of
the variance of PL would find such a function useful.
The loudness decreases along the propagation direction
for both waveforms. Most of the decrease in the loudness
levels occurs in the range 100–1000 Hz. The loudness levels
locations show some sensitivity to the urms
at fixed x1 ‘1
f
value. When the urms increases at these fixed locations, the
loudness increases slightly. For x1 ‘1
f ¼ 1, frequencies
between 355 and 560 Hz are the most sensitive to changes in
increases, the loudness at lower frequenurms , and as x1 ‘1
f
cies becomes more sensitive to changes in the rms velocity.
In the future, any improvements to ‘f would have to reduce
the sensitivity in the range of 100–1000 Hz.
The distributions of DPL, DISBAP, DBSEL, and
DESEL are initially normal as the sonic boom propagates
through turbulence. Plots of the cumulative probability,
along with hypothesis testing, indicate that the DPL begins
to deviate from a normal distribution as it propagates
through turbulence. The hypothesis tests for the N-wave
simulations suggest that the location where DPL, DISBAP,
DBSEL, and DESEL transition from being normally distributed to skewed right of the normal distribution is in the
range 1:8  x1 ‘1
f  2:5. This is also the range where the
standard deviations of DPL, DISBAP, DBSEL, and DESEL
reach a maximum value. In terms of physical distance, the
transition location for the N-wave simulations decreases as
the rms velocity increases. When considering the low-boom
simulations, the transition locations for DPL are only
slightly larger than the N-wave results. For the DISBAP, the
transition locations are approximately twice as large as the
N-wave results, indicating that the distributions remain normal for longer propagation distances than the N-wave. The
simulations performed here suggest that the DPL and
DISBAP for both waveforms, while initially normally distributed in the turbulent field, will not remain normally distributed indefinitely as the sonic boom continues to
propagate through a turbulent field. There is also evidence
from the hypothesis testing that the proposed scaling length,
‘f , is able to parameterize the location where the loudness
metrics are no longer normally distributed. This location
falls in the range 1:8‘f  xt  2:6‘f for the N-wave loudness
metrics and the low-boom DPL and 4:7‘f  xt  4:9‘f for
the low-boom DISBAP.
The loudness metrics that correlate well with annoyance
(PL, ISBAP, BSEL, DSEL, and ESEL) all have mean values
that decrease along the propagation direction. When scaled
by ‘f , the curves of each metric along the propagation direction are similar. The isotropic turbulence field has a similar
effect on the metrics across a wide range of rms velocities
for both waveforms. The standard deviation of each metric
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considered here is directly proportional to x1 ‘1
for small
f
values of x1 ‘1
f . The maximum value attained by the standard deviation of each metric in the simulations is independent of the rms velocity of the turbulence for both the Nwave and low-boom. This implies that for a real sonic boom
propagating in the ABL region, the maximum variation in
the loudness that is possible is dependent on the distance the
waveform propagates through the turbulence. For lower turbulence rms velocities, the propagation distance required to
reach the location of maximum loudness variation is larger
than the distance required for higher turbulence rms velocities. In all of the simulations, the standard deviation of DPL
reaches a maximum value in the range 1  x1 ‘1
f  3.
Therefore, one can infer that sonic boom signals recorded on
the ground in regions where the propagation distance
1
through the ABL is between ‘1
f and 3‘f are likely to have
the highest variability in the PL metric, compared to other
regions of the sonic boom carpet.
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