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A fast parabolic approach to predict the near-field pressure signature for axisymmetric
hypersonic slender bodies is presented. Parabolized Navier-Stokes equations are marched
downstream in conjunction with energy and gas equations. Effects of viscous, real gas, and
reacting flow on the near-field are quantified. The method is validated with NASA’s FUN3D
CFD code with adjoint-based mesh adaptation. Free-stream Mach numbers of 5.0 through
10.0 are examined. Overpressure differences in the near-field between the present approach
and FUN3D are within 6.6% on average. Viscous terms are essential for hypersonic near-field
calculations. For example, a 7.0 deg. half-angle cone-cylinder-cone configuration with viscous
terms enabled yields a 12.1% relative difference in near-field overpressure relative to inviscid
flow. Accounting for non-equilibrium air chemistry yielded a 4.0% and 2.1% relative difference
in near-field overpressure compared to inviscid ideal gas and viscous ideal gas, respectively.
Finally, a major advantage of the parabolic approach is that only 2.4% wall-clock time is used
relative to FUN3D.

Nomenclature

Symbols Description
𝑐 Speed of sound
𝑐𝑠 Species mass fraction
�̃� Binary diffusion coefficient
𝑬, 𝑭 ,𝑮 Stream-wise flux vectors
𝐸 Energy
𝑓 Cost functional
𝑖 Spacial index
𝑱 Jacobian
𝐿 Body length
𝑝 Pressure
𝑝𝑒 Boundary layer edge pressure
𝑟 Radial distance
𝑠 Downstream distance
𝑇 Local temperature
𝑇𝑒 Boundary layer edge temperature
𝑇∞ Freestream temperature
𝑼 Flow variable vector
𝑢 Local velocity
𝑢𝑒 Boundary layer edge velocity

Greek Symbols
𝛾 Ratio of specific heats
𝛿∗ Boundary layer edge displacement
\𝑐 Cone half-angle
𝜎 Supersonic area ratio
𝜌 Density
𝜌∞ Freestream density
b , [, Z Stream-wise coordinates
[𝑤 Non-dimensional wall distance
` Mach angle
a Kinematic viscosity

a𝑠 Safety factor
𝜏 Shear stress
𝜔 Streamwise pressure gradient fraction
¤𝜔𝑠 Non-dimensional production

Non-Dimensional Numbers
𝑒 Eccentricity
K Hypersonic similarity parameter
𝑀 Mach number
𝑀∞ Freestream Mach number

Abbreviations
CFD Computational Fluid Dynamics
FUN3D Fully Unstructured Navier-Stokes
IPNS Iterative Parabolized Navier-Stokes
NS Navier-Stokes
PNS Parabolized Navier-Stokes
UPS Upwind Parabolized Navier-Stokes Solver
T-M Taylor-Maccoll

Superscripts
𝑝 Elliptic regime of the flow
∗ Parabolic-hyperbolic regime of the flow
𝑇 Transpose

Subscripts
∞ Freestream quantity
𝑒 Boundary layer edge quantity
𝑖 Inviscid quantity
𝑣 Viscous quantity
𝑤 Wall quantity
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I. Introduction
Accurate prediction of the near-field flow-field of high-speed flight vehicles that capture viscous, reacting, and real

gas effects is computationally expensive. The near-field is used for both analysis and prediction of long-range nonlinear
waveform propagation. Today, advanced computational fluid dynamics (CFD) solvers are used with adjoint-based mesh
adaptation to predict the near-field. These solvers are prohibitively expensive for fast analysis and design problems that
fit within multi-disciplinary analysis and optimization (MDAO) frameworks. In the hypersonic regime, experiments are
expensive and measuring the near-field is difficult. Theoretical predictions of the near-field are limited to F-functions of
slender devices in the supersonic regime or impulse methods for bluff bodies in the hypersonic regime. Hypersonic
flow-fields of simplified models are shown in Figs. 1a and 1b, which illustrate both bow and attached shock wave
regimes (see Baals and Corliss [1] for details). We define the near-field as the region from the entropy layer to multiple
body lengths in the cross-stream direction. This paper presents a fully parabolic approach, adapted from Lawrence
[2] and Lawrence et al. [3], to overcome these limitations with accompanying analyses that focuses on hypersonic
flow-fields.

The United States, China, and Russia are deploying waverider and glide hypersonic flight-vehicles for conventional
and nuclear weapons. NASA and partners are developing the X-59 low-boom demonstrator [4]. Both civilian and
military flight-vehicles contain sonic boom signatures that depend on the near-field. To aid in the design, development,
detection, or analysis of high-speed flight-vehicles, it is important to quickly resolve the flow-field to minimize design
time. The present approach supports these objectives.

This paper focuses on flows over slender bodies, however, with some modification the approach can be used to
examine bluff bodies (see Miller [5]). Predictions using a fully parabolic approach for the Navier-Stokes equations, with
and without viscous effects, and with and without advanced gas and chemistry models are shown to predict hypersonic
near-fields accurately with minimal computational effort.

(a) Hypersonic reentry model with a bow shock wave. (b) Hypersonic conic section with an attached shock wave.

Fig. 1 Schlieren of high-speed test articles [1].

A. Previous Approaches
Two major analytical approaches have been developed previously to predict the near-field. The original methods

of Whitham [6, 7] and Carlson [8] (lift effects) rely on linearized aerodynamic theory and use the F-function, which
provides the near-field pressure via an integral equation. The formulation is similar to the area rule developed in the
Soviet Union by Vera Maslennikova and in America by Whitcomb and Fischetti [9] and Whitcomb [10]. Unfortunately,
these theories are limited to slender vehicles at Mach numbers between 1.2 to 3.0 (see Hayes [11], Hayes and Runyan
[12]). For bluff body hypersonic flows, an instantaneous impulse method was developed by Seebass [13] and Tiegerman
[14]. Their methods are valid for high-speed flows over a cylindrical fuselage of infinite length that generates no lift.
Their models account only for the vehicle volume, which contributes to over 40% [15] of the sonic boom over-pressure
at moderate supersonic to hypersonic flight Mach numbers. For attached flow-fields over cones at zero or non-zero angle
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of attack, two major semi-empirical methods are viewed as solutions for inviscid flow. These are the Taylor and Maccoll
[16], Taylor [17] and Savin [18] methods for attached shocks at zero and non-zero angle of attack, respectively. The
method of Taylor [17], after numerically integrating a differential equation, results in the entire axisymmetric flow-field.
The method of Savin [18] predicts shock wave position about the conic surface at an angle of attack. Today, there is no
analytical method for the prediction of attached shocks about axisymmetric flight-vehicles, let alone those at non-zero
angle of attack.

Prediction of attached and detached shocks have been a subject of research for over a hundred years. Analytical and
semi-empirical methods have been over-taken by numerical techniques. Though the analytical techniques previously
noted are still in use today and valuable for physical insight. General nonlinear CFD to predict hypersonic near-fields
represents the dominant prediction approach today. In this paper, we make use of the NASA Langley FUN3D solver.
FUN3D is finite-volume based and validated against a wide range of flow-fields. FUN3D contains the adjoint-based
mesh adaptation method of Park [19], which optimizes the positioning of grid points on a given computational
domain to maximize a given adjoint. Near-field predictions made with FUN3D are improved upon by implementing
adjoint-based mesh adaptation [20, 21]. FUN3D [22] is combined with the Langley Aerothermodynamic Upwind
Relaxation Algorithm (LAURA) [23, 24]. FUN3D has the advantage of containing the LAURA suite for hypersonic
flow-fields and high energy physics. Such methods are computationally expensive and require computational grids that
conform to shock waves for accurate prediction [25]. For more information on FUN3D see Anderson and Bonhaus
[26], Nielsen [27], Abdol-Hamid et al. [28], and Biedron et al. [22].

This method improves prediction while decreasing computational resources. Once the near-field is predicted by a
nonlinear solver, it can be parabolically marched further. One recent example of the approach is by Duensing et al.
[29], who marched the Euler equations further from a general source cylinder around the flight-vehicle. Housman et al.
[30] quickly predict the near-field pressure signature by spatially marching the Euler equations from near the body of
the vehicle to the extraction point. The method of Housman et al. [30] was incorporated into NASA’s LAVA solver
framework.

Before fully nonlinear general CFD solvers dominated industrial prediction, parabolized approaches were popular.
One popular marching methodology is that of Lawrence [2] and Narain et al. [31], and further improved by Miller
et al. [32]. The Upwind Parabolized Navier-Stokes Solver (UPS) solves the PNS equations, which approximates the
unsteady and stream-wise viscosity effects as negligible [33]. UPS is valid for supersonic and hypersonic flow-field
regimes, where the flow is hyperbolic-parabolic [3]. For regions of flow that become subsonic such as after a bow shock,
the method of Vigneron et al. [34] is used to separate the elliptic portion of the stream-wise flux vector. White and
Morrison [35] use a multi-grid, finite-volume solver that predicts the elliptic and parabolic regimes of the flow. Power
and Barber [36] compared solutions to the PNS equations with solutions to the full Navier-Stokes equations in viscous
and inviscid hypersonic flows, validating the use of a parabolic solver for the freestream conditions in this paper. For
chemically reacting flows, Tannehill et al. [37] and Tannehill et al. [38] “close” the PNS equations with the species
continuity equation previously employed by Prabhu et al. [39]. The advantage of the parabolic approach is that it is
much faster than fully nonlinear general CFD solvers.

B. Present Approach
In the present approach, UPS, developed by Lawrence [2] and Narain et al. [31], and further improved by Miller

et al. [32], is used to make predictions. Predictions are benchmarked and compared with fully nonlinear CFD with
adjoint-based mesh adaption with FUN3D. The Parabolized Navier-Stokes (PNS) equations are marched downstream
in conjunction with energy and gas equations. Also, solutions are validated with basic Taylor-Maccoll theory and
compressible boundary layer theory. A range of Mach numbers are studied from 5 through 10 over slender simplified
axisymmetric bodies. Effects of viscous, real gas, and reacting flow on the near-field are quantified. We benchmark the
computational cost of the parabolic approach with corresponding FUN3D simulations. The method is validated with
NASA’s FUN3D CFD code with adjoint-based mesh adaptation. Comparisons of predictions across a wide variety of
flow conditions and geometries are presented. Assumptions of these methods, where they break down, and error of
prediction are examined.

The next section of this paper presents the equations of motion that are solved with the parabolic approach.
Predictions are validated against select boundary layer and shock wave solutions. A grid independence study is
performed for the most difficult case. Mach number profiles are compared with shock wave theory and flow profiles
with boundary layer theory. A parametric study for simplified geometries is shown. Finally, we summarize the effort
and draw important conclusions.
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II. Methodology
We use a fully parabolic marching solver to predict the flow-field for a series of slender axisymmetric geometries

in the hypersonic regime. Loubeau and Coulouvrat [40] define the acceptable near-field for slender, hypersonic
flight-vehicles as the range from 𝑟𝐿−1 = 0.15 to 𝑟𝐿−1 = 1.0. Here, 𝑟 is the radial position from the centerline of the
flight-vehicle, and 𝐿 is the length of the flight-vehicle. Higher fidelity near-field predictions are made by accounting for
viscosity in the cross-flow directions as well as including finite-rate air chemistry.

Figure 2 presents an overview of the source cylinder (top), the near-field pressure (middle), and the ground waveform
(bottom). The geometry is shaded grey. Flow moves from left to right. The source cylinder is located at radius, 𝑟𝑐. We
expect strong leading and trailing shock waves to be attached to the vehicle, which are shown as diagonal lines from
the vehicle to the source cylinder. Typically, there are many shock and expansion waves in between the leading and
termination shock waves. In the parabolic approach, we march solutions and terminate the domain when the solutions
intersect with a user prescribed radius, 𝑟𝑐. Here, we normalize the local static pressure, 𝑝, relative to the local ambient
pressure, and non-dimensionalize the difference by 𝑝∞. This near-field source cylinder, that is a function of azimuthal
angle, 𝜙, is propagated to the ground to predict the ground footprint of the hypersonic flight-vehicle. The near-field
waveform is shown in the middle of Fig. 2, where the 𝑦-axis represents the over- and under-pressure and the 𝑥-axis is
normalized by the body length, 𝐿. It is very typical that hypersonic flight-vehicles, even at low altitude, produce strong
over-pressure and N-waves, which are represented at the bottom of Fig. 2. Here, we are interested in predicting static
gauge pressure, 𝑝, at the ground as a function of time, 𝑡. Note that the waveforms have been aligned on the figure for
visualization purposes only and are not to scale.

Figure 3 shows a flow-chart of the fully-parabolized near-field and sonic boom prediction process. Presently, we are
focusing on simplified leading shapes of hypersonic flight-vehicles. This is because the leading geometry is primarily
responsible for the dominant shock wave over-pressure in the near-field and the ground. The solution process follows
the chart from the top to bottom. In the first box at the top, we specify all atmospheric conditions including altitude,
ambient pressure, 𝑝∞, ambient temperature, 𝑇∞, and flight-vehicle Mach number, 𝑴∞. The geometry of the vehicle is
also specified parametrically along with an initial inlet solution plane with assumed flow-field. Here, we at minimum
prescribe half-angle, \𝑐, cross-section eccentricity, 𝑒, body length, 𝐿, and number of grid points in the [ and Z directions.
With this information a parabolic solution can be found. The computational domain is generated during the solve phase
as the grid point and connectivity distribution downstream is dependent on the upstream flow-field. We specify bounds
on the angle of the domain spreading to achieve high efficiency and accurate shock wave propagation statistics (maintain
dissipation and dispersion characteristics). Grid connectivity angles in the streamwise marching direction are initially
estimated to be larger than the local Mach angle, `. This guarantees that the radiating waves do not merge with the edge
of the computational grid. During the marching phase of the solver, we solve the PNS, species continuity equation, and
a chosen set of gas and chemistry models. These are presented later in the paper. The near-field pressure signature
predicted is extracted along a cylinder at a radius within the acceptable range specified by Loubeau and Coulouvrat
[40]. The number of points along the source cylinder are specified and the source waveform is linearly interpolated
along the extraction line. Using the source waveform, the sonic boom can then be predicted on the ground. The work
presented in this paper is part of a larger framework for fully parabolic prediction of sonic boom. The scope of this
paper is contained within the near-field prediction portion of the larger framework of Figs. 2 and 3.

A. FUN3D
We use the FUN3D solver of NASA Langley Research Center to create a numerical validation database. For

validation purposes, we use the adjoint methodology of Park [19]. The cost-functional of near-field pressure propagation
used for adjoint mesh adaptation is

𝑓 =
1
𝐴𝑠

¨
𝑠

(
𝑝

𝑝∞
− 1

)2
𝑑𝑠, (1)

where the cost function is dependent on integration surface, 𝐴𝑠 , static pressure, 𝑝, downstream distance, 𝑠, and freestream
pressure, 𝑝∞. The method of Park [20] shows that integrating the square of the near-field pressure signature yields
higher fidelity predictions than by integrating standalone pressure.
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B. Upwind Parabolized Navier-Stokes Solver
We review the governing equations that are marched with the UPS code. The PNS equations are derived from the

Navier-Stokes equations by removing unsteady terms and streamwise viscous derivatives [32]. The PNS equations are

𝜕𝑬

𝜕b
+ 𝜕𝑭

𝜕[
+ 𝜕𝑮

𝜕Z
= 0, (2)

where

𝑬 =

(
b𝑥

𝑱

)
𝑬𝑖 +

(
b𝑦

𝑱

)
𝑭𝑖 +

(
b𝑧

𝑱

)
𝑮𝑖 , (3)

𝑭 =

(
[𝑥

𝑱

)
(𝑬𝑖 − 𝑬∗

𝑣) +
(
[𝑦

𝑱

)
(𝑭𝑖 − 𝑭∗

𝑣) +
(
[𝑧

𝑱

)
(𝑮𝑖 − 𝑮∗

𝑣), (4)

and

𝑮 =

(
Z𝑥

𝑱

)
(𝑬𝑖 − 𝑬∗

𝑣) +
(
Z𝑦

𝑱

)
(𝑭𝑖 − 𝑭∗

𝑣) +
(
Z𝑧

𝑱

)
(𝑮𝑖 − 𝑮∗

𝑣), (5)

where b, [, and Z are non-orthogonal, stream-wise fixed, transformed coordinates. Bold symbols denote vector quantities.
Subscripts 𝑥, 𝑦, and 𝑧 indicate partial derivatives with respect to body-fixed coordinates. The Jacobian, 𝑱, is

𝑱 =
𝜕 (b, [, Z)
𝜕 (𝑥, 𝑦, 𝑧) . (6)

Equation 2 represents conservation of mass, momentum, and energy. The viscous and inviscid flux vectors in the
preceding equations are

𝑬𝑖 = {𝜌𝑢, 𝜌𝑢2 + 𝑝, 𝜌𝑢𝑣, 𝜌𝑢𝑤, (𝐸𝑡 + 𝑝)𝑢}𝑇 , (7)

𝑭𝑖 = {𝜌𝑣, 𝜌𝑢𝑣, 𝜌𝑣2 + 𝑝, 𝜌𝑣𝑤, (𝐸𝑡 + 𝑝)𝑣}𝑇 , (8)

𝑮𝑖 = {𝜌𝑤, 𝜌𝑢𝑤, 𝜌𝑣𝑤, 𝜌𝑤2 + 𝑝, (𝐸𝑡 + 𝑝)𝑤}𝑇 , (9)

𝑬𝑣 = {0, 𝜏𝑥𝑥 , 𝜏𝑥𝑦 , 𝜏𝑥𝑧 , 𝑢𝜏𝑥𝑥 + 𝑣𝜏𝑥𝑦 + 𝑤𝜏𝑥𝑧 − 𝑞𝑥}𝑇 , (10)

𝑭𝑣 = {0, 𝜏𝑦𝑥 , 𝜏𝑦𝑦 , 𝜏𝑦𝑧 , 𝑢𝜏𝑦𝑥 + 𝑣𝜏𝑦𝑦 + 𝑤𝜏𝑦𝑧 − 𝑞𝑦}𝑇 , (11)

and

𝑮𝑣 = {0, 𝜏𝑧𝑥 , 𝜏𝑧𝑦 , 𝜏𝑧𝑧 , 𝑢𝜏𝑧𝑥 + 𝑣𝜏𝑧𝑦 + 𝑤𝜏𝑧𝑧 − 𝑞𝑧}𝑇 , (12)

where 𝐸𝑡 = 𝜌
{
𝑒 + 1

2 (𝑢
2 + 𝑣2 + 𝑤2)

}
and 𝑇 represents transpose. See Lawrence [2] for details.
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The PNS equations are parabolic-hyperbolic in the b-direction if the local flow-field is supersonic. In subsonic
regions of the flow-field, “departure behavior” is restrained by employing the technique of Vigneron et al. [34].
Vigneron’s technique separates the streamwise flux vector into two terms, where 𝑬 𝑝 is the elliptic portion and 𝑬∗ is the
parabolic-hyperbolic portion. This is represented as

𝑬 = 𝑬∗ + 𝑬 𝑝 (13)

where,

𝑬∗ =
b𝑥

𝑱



𝜌𝑢

𝜌𝑢2 + 𝜔𝑝

𝜌𝑢𝑣

𝜌𝑢𝑤

(𝐸𝑡 + 𝑝)𝑢


+
b𝑦

𝑱



𝜌𝑣

𝜌𝑢𝑣

𝜌𝑣2 + 𝜔𝑝

𝜌𝑣𝑤

(𝐸𝑡 + 𝑝)𝑣


+ b𝑧

𝑱



𝜌𝑤

𝜌𝑢𝑤

𝜌𝑣𝑣

𝜌𝑤2 + 𝜔𝑝

(𝐸𝑡 + 𝑝)𝑤


, (14)

𝑬 𝑝 =
b𝑥

𝑱



0
(1 − 𝜔)𝑝

0
0
0


+
b𝑦

𝑱



0
0

(1 − 𝜔)𝑝
0
0


+ b𝑧

𝑱



0
0
0

(1 − 𝜔)𝑝
0


, (15)

and

𝜔 = min

[
1,

a𝑠𝛾𝑀
2
b

1 + (𝛾 − 1)𝑀2
b

]
. (16)

The Iterative Parabolized Navier-Stokes (IPNS) marching algorithm solves the PNS equations via the finite-volume
formulation similar to the method used by Muramoto [41]. The streamwise flux vector at the next spacial index, 𝑖 + 1, in
the b-direction is expressed as

𝑬∗
𝑖+1 + 𝑬 𝑝

𝑖+1 = 𝑬∗
𝑖 (𝑑𝑺𝑖+1,𝑼𝑖+1) + 𝑬 𝑝

𝑖
(𝑑𝑺𝑖+1,𝑼𝑖+1), (17)

where 𝑑𝑺𝑖 is the body geometry and 𝑼𝑖 is the flow state vector.
Using forward differencing, the streamwise flux gradient is

(
𝜕𝑬

𝜕b

)
𝑖+1

=
1
Δb

[𝑬∗
𝑖+1 − 𝑬∗

𝑖 + 𝑬 𝑝 (𝑑𝑺𝑖+1,𝑼𝑖+2) − 𝑬 𝑝 (𝑑𝑺𝑖 ,𝑼𝑖+1)] . (18)

The flux gradients in the streamwise direction and cross-stream plane are then linearized and substituted into the
PNS equations (see Eqn. (2)) to create the full discretized form of the IPNS method which is

{
1
Δb

[𝐴∗ (𝑑𝑺𝑖+1,𝑼𝑖) − 𝐴
𝑝

𝑖
]𝑘+1 + 𝜕

𝜕[

[
𝜕𝑭(𝑠𝑺𝑖+1,𝑼𝑖)

𝜕𝑼

] 𝑘+1
+ 𝜕

𝜕Z

[
𝜕𝑮 (𝑠𝑺𝑖+1,𝑼𝑖)

𝜕𝑼

] 𝑘+1
}
Δ𝑼𝑘+1

𝑖

= − 1
Δb

{
[𝐴(𝑑𝑺𝑖+1,𝑼𝑖) − 𝐴𝑖]𝑘+1𝑼𝑘+1

𝑖 − 𝑬 𝑝 (𝑑𝑺𝑖+1,𝑼𝑖+2)𝑘 + 𝑬 𝑝 (𝑑𝑺𝑖+1,𝑼𝑖)𝑘+1}
−
[
𝜕𝑭(𝑑𝑺𝑖+1,𝑼𝑖)

𝜕[

] 𝑘+1
−
[
𝜕𝑮 (𝑑𝑺𝑖+1,𝑼𝑖)

𝜕Z

] 𝑘+1
.

(19)
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The UPS solver is used to predict flow-fields around cones with and without spherical leading edges. UPS has the
ability to perform ideal, real, and chemically reacting flows [42]. UPS employs a real gas model to resolve chemically
reacting flows. For non-equilibrium flows, the species continuity equation employed by Tannehill et al. [43] and
Tannehill et al. [37] is solved. The non-dimensional species continuity equation is

𝜕𝑐𝑠

𝜕b
+
(
[𝑥 +

𝑣

𝑢

) 𝜕𝑐𝑠
𝜕[

=
1
𝜌𝑢

[
¤𝜔𝑠 +

[𝑦

𝑅𝑒∞

𝜕

𝜕[

(
𝛽3𝜌�̃�[𝑦

𝜕𝑐𝑠

𝜕[

)
+ [𝑥

𝑅𝑒∞

𝜕

𝜕[

(
𝛽3𝜌�̃�[𝑥

𝜕𝑐𝑠

𝜕[
+
)
𝛿

𝑦

[𝑦

𝑅𝑒∞

(
𝛽3𝜌�̃�

𝜕𝑐𝑠

𝜕[

)]
, (20)

where the governing equation for species continuity is a function of species mass fraction, 𝑐𝑠, non-dimensional
production, ¤𝜔𝑠 , binary diffusion coefficient, �̃�, and 𝛽 (see Tannehill et al. [38] for details).

C. Theoretical Prediction of Conical-Flow
Taylor and Maccoll [16] and Taylor [17] theory is used to benchmark the parabolic marching method over a range of

Mach numbers and cone angles. Attached inviscid shock waves in supersonic flow over circular cones at zero angle of
attack can be predicted. We numerically solve the differential equation
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(21)

where 𝑐 is the speed of sound, 𝑢 is the radial component of velocity, \ is the deflection angle from the leading edge, and
𝛾 is the ratio of specific heats. The velocity component orthogonal to 𝑢 is recovered by the equation 𝑣 = 𝑑𝑢/𝑑\, where
𝑣 is the tangential component of velocity. We numerically evaluate Eqn. 21 using the 4th-order Runge-Kutta method
and recover semi-empirical flow-fields for comparison with the parabolized solver. The shock wave angle relative to the
incoming flow direction is determined through an inverse approach using a bisection algorithm. Thermodynamic shock
wave relations are used to determine flow-field properties across the shock wave.

III. Results

A. Near-Field and Far-Field Predictions from Simple Geometries
We benchmark predictions using simplified geometries to demonstrate the fully parabolic approach. We present

validation cases, near-field prediction, and analyses for six different geometries: a flat plate, cones and cone-cylinder-
cones of 7.0 and 11.0 degs. half-angle, and a cone-cylinder-flare studied in Esquieu et al. [44]. Figure 4 shows each
configuration studied, their respective half-angles, and their names. The cones are 0.50 m long. The cone configurations
are of 7.0 and 11.0 degs. in half-angle. A cone-cylinder leading edge is terminated with a trailing edge cone. The
bodies are axisymmetric, and we do not vary the angle of attack. Configurations presented in Fig. 4 are not-to-scale.
We select the flat plate geometry as a fundamental boundary layer validation case due to the existing knowledge in
the field regarding two-dimensional compressible boundary layers. The cone configurations are chosen to compare
PNS predictions against the theory of Taylor and Maccoll [16]. The cone-cylinder-cone geometries of 7.0 and 11.0
deg. half-angle are chosen due to the near-field studies of cone-cylinders in Park et al. [45] and Ozcer and Kandil
[25]. We choose 7.0 and 11.0 deg. half-angles due to the existing studies of these geometries in Casper et al. [46]
and Farahani and Mahdavi [47]. We terminate these geometries with a trailing edge to create a trailing shock wave in
the near-field. The cone-cylinder-flare configuration is chosen to provide boundary layer validation for more complex
regions of viscous flow, as well as near-field validation with FUN3D [44].

The cone-cylinder-cone configuration of 7.0 deg. half-angle has a 7.0 deg. incline on 0.0 ≤ 𝑥 < 0.2 m. Its surface
is flat between 0.20 ≤ 𝑥 < 0.80, and decreases to a sharp trailing edge at a 7.0 deg. decline on 0.80 ≤ 𝑥 < 1.0
m. The cone-cone-cylinder-cone configuration of 11.0 deg. half-angle has a 11.0 deg. incline on 0.0 ≤ 𝑥 < 0.2
m. Its surface is flat between 0.20 ≤ 𝑥 < 0.6834 m, and decreases to a sharp trailing edge at 11.0 deg. then
declines between 0.6834 ≤ 𝑥 < 1.0 m. The cone-cylinder-flare configuration features a 5.0 deg. incline between
0.0 ≤ 𝑥 < 0.398147 m. The cylinder portion spans over 0.398147 ≤ 𝑥 < 0.525670 m, and the flared section spans
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between 0.525670 ≤ 𝑥 < 0.764456 m. The configuration and its computational domain terminate at the end of the
flared portion. This geometry matches the report of Esquieu et al. [44].
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Fig. 4 Axisymmetric geometries and case names.

The flat-plate configuration is chosen to validate the viscous capabilities of UPS and FUN3D. The conditions for the
flat plate cases match those presented by Oz and Kursat [48]. The first case has a freestream Mach number of 𝑀∞ = 2.8
at a freestream temperature of 121.11 K. The second case has 𝑀∞ = 4.5 at a freestream temperature of 61.584 K. The
total temperatures for both cases are 311.0 K. For FUN3D and UPS, the boundary layer profile is extracted at 𝑥 = 0.5 m
from the leading edge of the flat plate. Non-dimensional wall distance, [𝑤 , is calculated using the transformation of
Howarth [49], such that

[𝑤 =

(
𝑈

2a∞𝑥

) 1
2
ˆ 𝑦

0

𝜌

𝜌∞
𝑑𝑦, (22)

where a∞ is the freestream viscosity and 𝑈 is the velocity. The Mach 6.0 case is selected to exactly match the flight
conditions in Esquieu et al. [44]. A sweep of Mach numbers from 5.0 to 10.0 in unit increment is included to expand on
existing knowledge.

B. Validation and Grid Independence

1. Inviscid and Viscous Flow
Validation of inviscid solutions of the parabolic approach are accomplished by comparing the Mach number profiles

about a cone of 7.0 deg. half-angle with the theory of Taylor and Maccoll [16] and Taylor [17]. The computational
domain is discretized into a structured grid and consists of 800 grid points in the cross-stream direction and 500 grid
points in the streamwise direction. Note that the computational domain is created during run-time and not created prior
to executing the solver. Only the boundaries and surface are specified. At the termination of the marching algorithm, the
computational grid contains 4.0 × 105 grid points for this case with maximum 𝑥-direction increments of about 0.01 m.
Other cases contain similar resolution. Figure 5a shows a cone with half-angle of 7.0 deg. at 𝑀∞ = 10.0. Contours of
𝑀 are shown, and are from 7.40 to 10.0. Mach number profiles are extracted at a cross-stream location of 𝑦 = 0.05 m
for comparison with the theory of Taylor and Maccoll [16] and Taylor [17].
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We now present numerical solutions using UPS of the inviscid equations and ideal gas law, which are presented in
Fig. 5. Figures 5a and 5c show Mach number contours predicted by UPS for the cone of 7.0 and 11.0 degs. half-angle
at 𝑀∞ = 10.0. The computational grid is overlaid on the Mach number contours and every 10th grid point in the
𝑥-direction and 𝑦-direction is plotted. The 𝑦-axis represents local 𝑀 , and the 𝑥-axis represents the angle, \, from the
centerline axis to the location of extraction. Static pressure, 𝑝, is extracted along the line 𝑦 = 0.05 m. Note that UPS
uses a no-slip boundary condition and presently does not account for a slip condition at the wall, thus we expect some
disagreement. For the cone of 7.0 deg. half-angle in Fig. 5b, Mach numbers at the cone’s surface, for increasing
Mach numbers, 𝑀∞ = 5.0 through 𝑀∞ = 10.0 in increments of unit 𝑀, are predicted by Taylor-Maccoll theory to
be 4.54, 5.34, 6.11, 6.83, 7.50, and 8.13, respectively. Shock wave locations predicted by Taylor-Maccoll theory are
13.43, 11.97, 10.99, 10.30, 9.82, and 9.46 degs. For the cone of 11.0 deg. half-angle in Fig. 5d, Mach numbers at the
cone’s surface, for increasing Mach numbers, 𝑀∞ = 5.0 through 𝑀∞ = 10.0 in increments of unit 𝑀 are predicted to
be 4.19, 4.86, 5.44, 5.97, 6.47, and 6.88, by Taylor-Maccoll theory, respectively. Shock wave locations predicted by
Taylor-Maccoll theory are 16.43, 15.23, 14.46, 13.94, 7.45, and 7.94 degs., respectively.

Note that Taylor-Maccoll theory is inviscid in nature, and the shock waves are predicted as discontinuities in the
flow-field. Both UPS and FUN3D predict shock wave thickness as they are viscous solvers. Therefore, we expect
disagreement. Maximum error occurs in the 𝑀∞ = 5.0 case for the cone of 7.0 deg. half-angle, where UPS predicts the
Mach number to reach the freestream value at \ = 13.45 deg. versus the Taylor-Maccoll prediction at \ = 13.39 deg., a
relative error of 0.44%. This represents the maximum error. These comparisons represent numerical evidence that UPS
is capable of predicting high-speed attached inviscid shock waves.

We now validate laminar boundary layer predictions for an ideal gas. Validation of laminar boundary layer predictions
are performed to ensure that both CFD solvers are capturing viscous terms correctly. We compare both the parabolic
and FUN3D solvers with the NASA BL2D solver [50, 51]. Here, we choose two flows over a flat plate of 𝑀∞ = 2.80
and 𝑇∞ = 121.11 K and 𝑀∞ = 4.50 and 𝑇∞ = 61.584 K, respectively. The geometry is shown in Fig. 4. Predictions
of BL2D are consistent with the data presented in Oz and Kursat [48]. The boundary layer thickness is defined as
the point where velocity reaches the boundary layer edge value 𝑢𝑒 = 0.995𝑢∞ [52]. Predictions of the normalized
velocity component in the streamwise direction at both 𝑀 for the three methods are shown in Fig. 6a. It is clear that the
no-slip condition is enforced in all cases. Normalized temperature variation is presented in Fig. 6b. For the 𝑀∞ = 2.8
case in Figs. 6a and 6b, UPS, FUN3D, and BL2D each predict the boundary layer velocity to reach 60% of its edge
value at [𝑤 = 1.20, 1.19, and 1.29, respectively. UPS predicts edge velocity at [𝑤 = 3.71, FUN3D predicts the edge
velocity at [𝑤 = 4.19, and BL2D predicts the edge velocity at [𝑤 = 4.10. UPS, FUN3D, and BL2D each predict the
edge normalized temperature at the wall to be 2.35 at 𝑀∞ = 4.50. UPS, FUN3D, and BL2D predict the temperature
ratio, 𝑇/𝑇𝑒, to reach a value of 2.0 at [𝑤 = 2.23, [𝑤 = 2.21, and [𝑤 = 2.29, respectively.

For the 𝑀∞ = 4.50 case in Figs. 6a and 6b, UPS and BL2D predict the laminar boundary layer streamwise velocity
component to reach 60% of its edge value at [𝑤 = 1.23 and 1.25, respectively, whereas FUN3D predicts this to occur
at [𝑤 = 1.11. UPS predicts edge velocity at [𝑤 = 7.79, FUN3D predicts the edge velocity at [𝑤 = 3.71, and BL2D
predicts the edge at [𝑤 = 3.90. UPS predicts the temperature ratio at the wall to be 𝑇/𝑇𝑒 = 4.46, FUN3D predicts it to
be 𝑇/𝑇𝑒 = 4.47, and BL2D predicts it to be 𝑇/𝑇𝑒 = 4.37. UPS and FUN3D predict the edge normalized temperature to
reach a value of 2.0 at [𝑤 = 2.20. BL2D predicts this value to be reached at [𝑤 = 2.29. Based on the comparison of
boundary layer prediction between UPS and FUN3D with BL2D, for 𝑀∞ = 2.8 and 𝑀∞ = 4.5, we consider the laminar
boundary layer solver to be accurate. This suggests UPS can be applied for more complicated flows over cones and
waverider geometries. However, we note that the temperature profile does not exhibit typical hypersonic behavior [53].
Further validations at higher Mach numbers are required in the future.

2. Grid Independence Study for the Cone-Cylinder-Cone.
A grid independence study is presented with UPS for the cone-cylinder-cone configuration of 7.0 deg. half-angle.

The most challenging inviscid case of Mach 10.0 flow is chosen to ensure that adequate computational grids are used
for other studies. The number of grid points (LFCS) in the radial direction was varied to ascertain convergence in the
near-field pressure signatures. Six different cases with 100, 200, 400, 600, 700, and 800 radial grid points are compared.
The number of 𝑥-direction grid points are, at maximum, 0.001 m apart; however, distance can vary within this limit to
generate an accurate solution via the IPNS algorithm. Figure 7 shows the normalized near-field pressure signatures for
predictions using these grids. The relative error of overpressure between the cases of LFCS = 800 and LFCS = 700 is
2.9%. This study results in the use of 800 radial cell faces for near-field solutions generated by UPS.
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(a) Contours of 𝑀 over a cone of 7.0 deg. half-angle at
𝑀∞ = 10.0.
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(b) Predictions of 𝑀 as a function of \ on a cone of 7.0
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(c) Contours of 𝑀 over a cone of 11.0 deg. half-angle at
𝑀∞ = 10.0.
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Fig. 5 Validation of UPS with Taylor-Maccoll theory over a 7.0 deg. half-angle cone.

C. Cone-Cylinder-Flare
We now study the cone-cylinder-flare configuration. A viscous, ideal gas model is employed for cone-cylinder-flare

configuration cases. We match the ambient conditions of Esquieu et al. [44]. The ambient density, temperature,
and vehicle wall temperature, 𝑇𝑤 , are 0.02175 kg/m3, 52.4 K, and 300 K, respectively. The parabolic approach is
second order and grids are constructed algebraically. Residuals generated by FUN3D are presented in Fig. 8, which
represent the worst-case studied. We achieve approximately a minimum of two orders of magnitude reduction in
residual. The residuals show solution convergence by 2000 iterations. We extract predictions at 2000 iterations to
reduce computational cost for all cases. Residuals do not decrease beyond 2000 iterations for any case examined. Thus,
we find that the reductions are adequate.

Figure 9 shows 𝑀 contours generated by UPS for the cone-cylinder-flare geometry at 𝑀∞ = 6.0. The attached
conical shock wave is visualized from the sharp transition of red (𝑀 = 6.0) to green (𝑀 = 5.7) contour levels. A
Prandtl-Meyer expansion corner at 𝑥 = 0.3995 m accelerates the flow to Mach numbers greater than freestream value
before encountering a compression corner at 𝑥 = 0.4993 m. The maximum Mach number is 𝑀 = 6.15 in the cylindrical
region. This is expected and similar to results shown in Esquieu et al. [44].

Figure 10a shows the boundary layer velocity profile for the cone-cylinder-flare at 𝑀∞ = 6.0. Profiles are extracted
at 𝑥 = 0.3995 and 𝑥 = 0.4993 m. We compare laminar boundary layer prediction capabilities of FUN3D and UPS with
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(b) Flat plate temperature profile.

Fig. 6 Fully-parabolized and FUN3D predictions of streamwise velocity component and static temperature with
predictions of BL2D.
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Fig. 7 Grid independence study for the cone-cylinder-cone configuration of 7.0 deg. half-angle at 𝑀∞ = 10.0.
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Fig. 8 FUN3D residual history for the cone-cylinder-cone of 7.0 deg. half-angle at 𝑀∞ = 5.0.
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Fig. 9 Contours of 𝑀 for the cone-cylinder-flare configuration at 𝑀∞ = 6.0.

the published data of Esquieu et al. [44]. At 𝑥 = 0.3995 m, UPS and FUN3D both overpredict velocity in the boundary
layer. UPS predicts the velocity to reach 500 m/s at 𝑦 = 0.93 mm, FUN3D predicts this at 𝑦 = 0.87 mm, and Esquieu
et al. [44] predicts the velocity to reach 500 m/s at 𝑦 = 0.76. UPS, FUN3D, and Esquieu et al. [44] predict velocity to
reach 858.0 m/s at approximately 𝑦 = 2.65 mm, 𝑦 = 2.60 mm, and 𝑦 = 2.48 mm, respectively. At 𝑥 = 0.4993 m, only
FUN3D overpredicts velocity in the boundary layer. UPS predicts the velocity to reach 500 m/s at 𝑦 = 2.05 mm, FUN3D
predicts this at 𝑦 = 2.19 mm, and Esquieu et al. [44] predicts this at 𝑦 = 2.07 mm. UPS, FUN3D, and Esquieu et al.
[44] predict velocity to reach 860.0 m/s at approximately 𝑦 = 4.11 mm, 𝑦 = 4.39 mm, and 𝑦 = 4.04 mm, respectively.
Overall, UPS is in agreement with Esquieu et al. [44] at 𝑥 = 0.4993 m, having a maximum absolute error of 0.048
mm at approximately 108 m/s (a 10.0% relative error). These boundary layer profiles are extracted at the onset of an
expansion corner at 𝑥 = 0.3995, and a Prandtl-Meyer expansion wave at 𝑥 = 0.4993. These points represent challenging
locations to extract boundary layer profiles. We find that a maximum relative error of 10.0% between UPS and Esquieu
et al. [44] in boundary layer prediction throughout a complex region of the flow proves feasibility of the parabolic
approach. Thus, the parabolic approach can be applied to problems of greater complexity with the inclusion of viscosity.

Figure 10b shows the near-field predicted at 𝑟 = 0.06 m for the cone-cylinder-flare. Maximum pressure for a 𝑀∞
sweep of 5.0 to 10.0 predicted by FUN3D are 0.0232, 0.0220, 0.0213, 0.0207, 0.0205, and 0.0204, respectively. For
the same range of 𝑀∞, UPS predicts overpressures of 0.0221, 0.0206, 0.0202, 0.0198, 0.0189, and 0.0186, respectively.
These predictions validate the near-field prediction capability of UPS over the cone-cylinder-flare configuration.

Figure 10c shows wall clock times for the cone-cylinder-flare predictions of 𝑀∞ = 5.0 through 10.0 in unit increments.
Average wall clock time across all FUN3D runs is 3934.2 s. Average wall clock time for all UPS runs is 92.7 s. For
solutions of hypersonic flow-fields on the same grid, UPS generates the solution in 2.4% of the time FUN3D does on
average, while only under-predicting overpressure by 6.6%. All predictions presented are run as single-processor on an
11th generation Intel Core i7-11700K at 3.60 GHz. We note the presence of a Gibbs-like phenomena in the predictions
made by FUN3D in Fig. 10b. Gibbs phenomena is also present in Ozcer and Kandil [25] and Park et al. [45].

D. Cone-Cylinder-Cone Near-Field
We compare near-field predictions of UPS with FUN3D at 𝑟𝐿−1 = 0.2 for 𝑀∞ sweeps of 5.0 through 10.0 in unit

increments. We compare solutions to the Euler equations and full PNS equations with gas models. Table 1 shows
the hypersonic similarity parameters of both cone-cylinder-cone configurations. We define the hypersonic similarity
parameter, K, in accordance to hypersonic similarity theory of Tsien [54], as

K = 𝑀∞
𝛿

𝑏𝑐
, (23)

where 𝛿 is the body thickness and 𝑏𝑐 is the body length or chord [54].
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(a) Cone-cylinder-flare boundary layer velocity profile.
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(b) Cone-cylinder-flare near-field pressure signature.
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Fig. 10 Validation and timing of UPS against Esquieu et al. [44] and FUN3D.

Table 1 Cone-cylinder-cone of 7.0 and 11.0 deg. half-angle hypersonic similarity parameters.

Mach K (\𝑐 = 7.0 deg.) K (\𝑐 = 11.0 deg.)
5.0 0.2455 0.3887
6.0 0.2946 0.4665
7.0 0.3437 0.5442
8.0 0.3929 0.6220
9.0 0.4420 0.6997
10.0 0.4911 0.7775

We match the wind tunnel test section conditions of Lockman et al. [55], where 𝜌∞ = 0.0189 kg/m3, 𝑇∞ = 62.0 K,
and 𝑇𝑤 = 300.0 K. We vary 𝑀 over a range of 5.0 to 10.0, increasing in unit increment. We predict the near-field over
these flight conditions for inviscid flow, viscous flow, inviscid flow with finite-rate non-equilibrium air chemistry, and
viscous flow with finite-rate non-equilibrium air chemistry.

1. Cone-Cylinder-Cone of 7.0 deg. Half-Angle
We predict flow-fields governed by the Euler and PNS equations for the 7.0 deg. half-angle cone-cylinder-cone

configuration. Figure 11a shows the initial algebraic mesh used to generate an initial solution before adaptation. This
mesh is generated by UPS. Although the initial mesh is very coarse, the grid spacing in the boundary layer is still fine
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enough to achieve a 𝑦+ value of unity at the first grid point from the surface. Figure 11b shows the adjoint adapted mesh
for near-field propagation in FUN3D. We utilize a maximum anisotropy value of 1012, a complexity value of 104, and a
gradation value of 102. In particular, the grid in Fig. 11b is adapted for Mach 10.0 flow. Note, there is strong clustering
of cells along 𝑦𝐿−1 = 0.20, the cylinder radius for which the adjoint is optimized.

(a) Non-adapted grid generated by the parabolic approach.

(b) Adapted for sonic boom propagation of the 𝑀∞ = 10.0 case via FUN3D.

Fig. 11 Computational grids for the cone-cylinder-cone configuration of 7.0 deg. half-angle.

Figure 12 shows contours of freestream normalized static pressure for the cone-cylinder-cone configuration of 7.0
deg. half-angle generated by UPS. A clear leading shock wave, trailing shock wave, and Prandtl-Meyer expansion fans
can be observed as the contour colors approach red as pressure increases and then approaches dark blue as pressure
decreases. A line at 𝑦𝐿−1 = 0.2 is extracted for near-field predictions. We select this radius for near-field pressure
extraction in accordance with the acceptable range given by Loubeau and Coulouvrat [40]. Figures 13a and 13b show
the near-field pressure signatures at 𝑦𝐿−1 = 0.2 predicted by UPS and FUN3D for inviscid flow at 𝑀 over a range of 5.0
to 10.0, increasing in unit increment. Maximum relative error for inviscid flow occurs for 𝑀∞ = 7.0 where UPS predicts
a 14.1% larger overpressure relative to FUN3D. For all cases, inviscid overpressure prediction with UPS is within 7.3%
of FUN3D, on average. For viscous flow, UPS predicts a 44.6% larger overpressure relative to FUN3D for 𝑀∞ = 5.0.

Figures 13c and 13d show the computational expense for near-field predictions made by UPS and FUN3D. For
inviscid flow in Figs. 13a and 13c, utilizing the parabolic approach incurs 5.0% of the computational cost, on average,
compared to FUN3D. When viscosity effects are included, the computational cost of UPS is then 93.3% of FUN3D.
In the cases with viscous effects at 𝑀∞ = 5.0 and 𝑀∞ = 6.0, FUN3D with adjoint-based mesh adaptation is faster,
spending 583.0 s and 1898.1 s, respectively, whereas UPS spends 928.1 s and 2317.6 s, respectively.

We investigate the effects of cross-stream viscosity and finite-rate, non-equilibrium air chemistry on hypersonic near-
field pressure signatures. Figures 14a through 14f show the near-field extracted at 𝑟𝐿−1 = 0.20 for the cone-cylinder-cone
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Fig. 12 Freestream normalized pressure contours predicted by UPS at 𝑀∞ = 10.0.
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(b) Near-field prediction at 𝑟𝐿−1 = 0.2 comparison with
FUN3D for viscous flow.
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Fig. 13 Near-field predictions for the cone-cylinder-cone of 7.0 deg. half-angle and computational cost.

configuration of 7.0 deg. half angle. For inviscid flow and 𝑀∞ sweep of 5 through 10, Δ𝑝(𝛾/2𝑝∞𝑀2
∞)−1 is predicted to

be 0.0136, 0.0098, 0.0077, 0.0062, 0.0054, and 0.0045, respectively. When viscous terms in the cross-stream directions
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are accounted for, predicted Δ𝑝(𝛾/2𝑝∞𝑀2
∞)−1 for the same freestream 𝑀∞ sweep are 0.0166, 0.0113, 0.0083, 0.0071,

0.0055, and 0.0050. With the inclusion of the species continuity equation of Miller et al. [32] along with the Euler
equations, normalized overpressure for the freestream Mach number sweep is 0.0149, 0.0102, 0.00772, 0.0062, 0.0052,
and 0.0042. Combining the species continuity equation with the full PNS equations yields Δ𝑝(𝛾/2𝑝∞𝑀2

∞)−1 as 0.0165,
0.0108, 0.0083, 0.0071, 0.0059, and 0.0049 for Mach numbers increasing in unit increment from 𝑀∞ = 5.0 through
10.0. The average computational cost, shown in Fig. 14g, of these predictions is 181 s for inviscid flow, 1701 s for
viscous flow, 488 s for inviscid finite-rate non-equilibrium, and 1970 s for viscous finite-rate non-equilibrium.

2. Cone-Cylinder-Cone of 11.0 deg. Half-Angle
We also investigate the effects of cross-stream viscosity and finite-rate, non-equilibrium air chemistry on hypersonic

near-field pressure signatures for the cone-cylinder-cone of 11.0 deg. half-angle. Figures 15a through 15f show the
near-field extracted at 𝑟𝐿−1 = 0.20. For inviscid flow and 𝑀∞ sweep of 5.0 through 10.0, normalized overpressure
is predicted to be 0.0310, 0.0225, 0.0166, 0.0134, 0.0115, and 0.00103, respectively. When viscous terms in the
cross-stream directions are accounted for, the predicted overpressures for the same freestream 𝑀∞ sweep are 0.0316,
0.0234, 0.0189, 0.0151, and 0.0113, respectively. With the inclusion of the species continuity equation of Miller et al.
[32] along with the Euler equations, normalized overpressure for the freestream Mach number sweep is 0.0310, 0.0219,
0.0165, 0.0138, 0.0114, and 0.0103. Combining the species continuity equation with the full PNS equations yields
overpressures as 0.0318, 0.0234, 0.0188, 0.0157, 0.0124, and 0.0107, respectively. The average computational cost,
shown in Fig. 15g, of these predictions is 394 s for inviscid flow, 1596 s for viscous flow, 394 s for inviscid finite-rate
non-equilibrium flow, and 4374 s for viscous finite-rate non-equilibrium flow.

We conclude that viscosity is the greatest factor in the magnitude in near-field overpressure. In particular, there is a
21.4% relative error in overpressure between inviscid and viscous predictions for the cone-cylinder-cone of 7.0 deg.
half-angle at 𝑀∞ = 5.0. For the same case, accounting for non-equilibrium air yields a 14.7% relative error for inviscid
flow and a 1.6% relative error for viscous flow. We note that the computational cost of including air chemistry for
viscous flow is greater by a factor of 2.7 compared to ideal gas, despite only predicting a 1.6% difference in overpressure.
On average, accounting for viscosity yields a 12.1% and 8.9% difference in overpressure prediction for the 7.0 and
11.0 deg. half-angle cone-cylinder-cones, respectively. Accounting for non-equilibrium air chemistry for inviscid
flow yields a 4.0% and 1.1% relative difference in overpressure compared to an ideal gas for the 7.0 and 11.0 deg.
half-angle cone-cylinder-cones, respectively. For viscous flow, including the effects of non-equilibrium air chemistry
yields a 2.1% and 2.2% relative difference in overpressure compared to an ideal gas for the 7.0 and 11.0 deg. half-angle
cone-cylinder-cones, respectively.

E. Analysis
A common trend in near-field predictions that is more pronounced in the 7.0 deg. cone-cylinder-cone cases, is the

increase in overpressure when solving the full PNS equations instead of the Euler equations. The inclusion of the
species continuity equation in near-field prediction causes less of an effect in the change of overpressure than cross-flow
viscosity. The largest relative difference in overpressures between physical models, in Fig. 16c, is between inviscid and
viscous flow with an ideal gas model. The effect of viscosity is apparent in Fig. 14f, where the shock wave occurs
further upstream and has a larger overpressure by 13.3% compared to the inviscid prediction. The physical explanation
for this discrepancy in predicted overpressure is visualized in Figs. 17-18. Figures 17a and 17b show a numerical
schlieren of the flow-field around the cone-cylinder-cone configuration of 7.0 deg. half-angle. The density gradient
is computed with respect to the 𝑦-direction, which mimics a numerical schlieren. The Prandtl-Meyer expansion fan
is attached to the corner at 𝑥𝐿−1 = 0.20 for inviscid flow and extends along the body for viscous flow. Similarly, in
Fig. 18a, the Prandtl-Meyer expansion fan is attached at 𝑥𝐿−1 = 0.20. This is the corner of the geometry. In Fig.
18c, the expansions span over the curvature of the boundary layer, thus, attenuating the leading shock wave over a
larger distance. The displacement thickness, 𝛿∗, of a hypersonic boundary layer as defined by Shapiro [53], goes as
𝛿∗ =

´ ∞
0

(
1 − 𝜌𝑢(𝜌𝑒𝑢𝑒)−1) 𝑑𝑦. Here, 𝑠 is the distance along the boundary of the geometry from the leading edge. If

𝑀∞ >> 1 and 𝑀∞𝑑𝛿∗/𝑑𝑠 << 1, then the boundary layer edge pressure ratio, 𝑝𝑒/𝑝∞, becomes

𝑝𝑒

𝑝∞
= 1 + 𝛾𝑀∞

𝑑𝛿∗

𝑑𝑠
+ 𝛾(𝛾 + 1)

4

(
𝑀∞

𝑑𝛿∗

𝑑𝑠

)2
. (24)

If 𝑀∞ >> 1 and 𝑀∞𝑑𝛿∗/𝑑𝑠 >> 1, then boundary layer edge pressure ratio is
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𝑝𝑒

𝑝∞
≈ 𝛾 + 1

2
𝛾

(
𝑀∞

𝑑𝛿∗

𝑑𝑠

)2
. (25)

It is readily apparent that the edge pressure, 𝑝𝑒, is dependent on 𝛿∗ with increasing distance, 𝑠. Displacement
thickness continues to increase with 𝑠. Thus, radiating Prandtl-Meyer expansion waves are widely distributed relative to
the inviscid case. The boundary layer is shown in Fig. 18c, where the sonic line is located at the transition between
white and black contours. The expansion waves radiate from the sonic line that continually increases with 𝑠 for this
particular case. The effect of the boundary layer on the near-field is readily apparent in Figs. 18b and 18d. The transition
between contour colors represent the change in 𝑀 throughout the Prandtl-Meyer expansion fan in the inviscid case.
This occurs over a shorter distance than in the viscous case.

Figure 19 shows the Mach number profile extracted at 𝑥𝐿−1 = 0.30. This location is selected to show the effect of
the boundary layer on the leading shock wave before the shock-expansion interaction. The inviscid cases are represented
as solid and dashed-dotted lines, and the viscous cases are represented as dashed and dotted lines. The shock wave
locations are apparent in Fig 19. For the Mach 10 case plotted in orange and on the rightmost portion of the figure, the
shock wave occurs at 𝑦𝐿−1 = 0.0504 for inviscid flow, where the Mach number increases to its freestream value of
𝑀∞ = 10.0. For viscous flow, the shockwave occurs at 𝑦𝐿−1 = 0.0525, a 4.0% relative error compared to the inviscid
prediction. This is significant due to its location prior to shock-expansion interaction.

IV. Conclusion and Future Work
We present the PNS equations as derived from the compressible Navier-Stokes equations. The PNS equations (Eqn.

2) use assumptions that unsteady terms and stream-wise viscous derivatives are zero. For segments of the flow-field
that are subsonic, the technique of Vigneron et al. [34] is used to separate the elliptic portion of the stream-wise flux
vector in Eqn. 13. The UPS code of Lawrence [2] solves Eqns. 3 to 5 via the iterative finite-volume method in Eqn. 19.
We use the IPNS algorithm of Miller et al. [32] to spatially march field-variables to parabolic-hyperbolic flow-fields.
We validate the parabolic solutions of the IPNS method with the theory of Taylor and Maccoll [16] and Taylor [17] as
well as with boundary layer predictions on flat plates and axisymmetric vehicle configurations [44, 48]. We compare
hypersonic near-field predictions for axisymmetric slender bodies at zero angle-of-attack with solutions generated by
NASA’s FUN3D CFD code with adjoint mesh adaptation.

We show the capability of fast hypersonic near-field prediction with the IPNS method by predicting overpressure to
be within 6.6% of FUN3D predictions on average. The parabolic approach uses only 2.4% of the wall-clock time to
achieve the same result as FUN3D. Viscosity has a greater influence on near-field pressure prediction than real gas
models. On average, accounting for viscosity increases the prediction of overpressure by 12.1%, but increases the
computational cost by an order of magnitude (10.1 times greater) on average relative to inviscid flow for the 7.0 deg.
cone-cylinder-cone. We conclude that for the accurate prediction of the hypersonic near-field, viscous simulations must
be conducted. Fidelity of near-field overpressure prediction increases by 1.1% − 4.0% by closing the PNS equations
with the species continuity equation to account for non-equilibrium air chemistry.

This research will be expanded upon by predicting the near-field for hypersonic waveriders at various angles-of-attack
and investigate the effects of air chemistry and viscous terms on sonic boom at the ground observer. We plan to improve
viscous and turbulence models along with including more advanced reacting flow models with parabolic approaches.
This will enable fast and accurate near-field and sonic boom predictions from hypersonic flight-vehicles.
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(g) Computational expense.

Fig. 14 Near-field pressure of cone-cylinder-cone configuration of 7.0 deg. half-angle at 𝑟𝐿−1 = 0.20.
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Fig. 15 Near-field pressure of cone-cylinder-cone configuration of 11.0 deg. half-angle at 𝑟𝐿−1 = 0.20.
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Fig. 16 Overpressure and minimum pressure predictions for the cone-cylinder-cone configuration at 𝑟𝐿−1 = 0.20.
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(a) Shock-expansion fan interaction for inviscid flow.

(b) Shock-expansion fan interaction for viscous flow.

Fig. 17 Numerical schlileren images for the cone-cylinder-cone of 7.0 deg. half-angle at 𝑀∞ = 10.0.
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(a) Shock-expansion fan interaction for inviscid flow. (b) Shock-expansion fan interaction for inviscid flow.

(c) Shock-expansion fan interaction for viscous flow. (d) Shock-expansion fan interaction for viscous flow.

Fig. 18 Mach number contours for the cone-cylinder-cone configuration at 𝑀∞ = 10.0.
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Fig. 19 Mach number profile throughout Prandtl-Meyer expansion fan and shock wave at 𝑥𝐿−1 = 0.30.
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