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A decomposition of the Navier-Stokes equations is used to identify the equivalent source term for

broadband shock-associated noise (BBSAN). An analytical closed-form model to predict BBSAN is

developed using an acoustic analogy based on the Navier-Stokes equations. The field-variables are

decomposed into the base flow, aerodynamic fluctuations, and acoustic fluctuations. The spectral

densities of fluctuating acoustic quantities are obtained by convolving the vector Green’s function

with the source terms involving the two-point cross-correlation of the aerodynamic quantities. The

scaling of the source term with the off-design parameter b ¼ ðjM2
j �M2

djÞ
1=2

is compared with

experimental results. The base flow is obtained using a Reynolds-averaged Navier-Stokes solution,

while the fluctuating statistical quantities are obtained using theoretical and experimental results.

This paper identifies the equivalent source of BBSAN based on the scaling analysis and the physical

mechanism of shock-associated noise. The identified source term resides within the Navier-Stokes

equations without further rearrangement and correlates very highly with BBSAN. Predictions for

BBSAN are made at multiple observer angles and nozzle pressure ratios using the identified source

term, and these predictions compare favorably with the experimental results. Finally, identification of

the source locations in the jet exhaust responsible for BBSAN at different Strouhal numbers is

performed. VC 2019 Acoustical Society of America. https://doi.org/10.1121/1.5139216

[AA] Pages: 4339–4351

I. INTRODUCTION

Jet noise has been a major concern for over 70 years in

military and commercial aviation and has a negative impact

on residential areas. In military applications, jet noise creates

adverse effects on the health and hearing of the military per-

sonnel working nearby an aircraft. Approximately 107 000

sailors are living and working aboard US Navy ships, and

800� 106 dollars were spent for hearing loss as disability

benefits of veterans in 2005.1 Recently, disability benefits

have risen to over a billion dollars annually. In order to max-

imize the thrust during take-off on short runways, the jet

engines are often operated at under-expanded conditions.

This creates a large pressure mismatch at the exit of the noz-

zle, resulting in a shock-cell structure within the jet exhaust.

The large-scale turbulent structures in the shear layer interact

with the shock-cell structure resulting in shock-associated

noise. Figure 1 shows a picture of military personnel in close

proximity to the aircraft during take-off. The shock-cells are

observed within the exhaust of the jet engine in Fig. 1.

An off-design supersonic jet generates two types of

noise, which are turbulent mixing noise and shock-

associated noise. The turbulent mixing noise is the noise

directly radiated from turbulent structures and can be catego-

rized into large-scale coherent noise and fine-scale incoher-

ent noise.2 The shock-associated noise has two components

as well, one with discrete frequencies, often known as

“screech” tones,3 while the other is a broadband component,

known as broadband shock-associated noise (BBSAN). An

excellent review paper on the different types of noise com-

ponents and their characteristics is written by Tam.4 A sam-

ple pressure spectrum located at 100 jet diameters from the

nozzle exit in the sideline direction (h ¼ 90�) is shown in

Fig. 2. The experimental spectrum is from the small hot jet

acoustic rig (SHJAR) database5 from NASA Glenn Research

Center at Lewis Field. The fine-scale mixing noise, which is

relatively spatially incoherent, and the BBSAN are plotted

using the empirical forms of Tam et al.6 and Kuo et al.,7

respectively. As large-scale mixing noise is dominant in the

downstream direction, it is not plotted in Fig. 2. The fine-

scale mixing noise and BBSAN are dominant in the sideline

and upstream direction. This paper focuses on the identifica-

tion of the shock-noise source term from Navier-Stokes

equations and its subsequent prediction and analysis.

Harper-Bourne and Fisher8 were the first to study and

develop a semi-empirical model of BBSAN. Each shock-cell

was considered to be an origin of the noise source for

BBSAN. Noise from these sources interferes either construc-

tively or destructively, depending on the phase speed of the

large eddies. A stochastic model was developed by Tam9

based on the theory and scaling of BBSAN with nozzle pres-

sure ratios (NPR) and total temperature ratios (TTR), given

by Tam and Tanna.10 Tam and Chen11 modeled instability

waves from the large-scale structures separately, and super-

posed the instability waves with the shock-cell structure of

imperfectly expanded supersonic jets12 to create a model for

BBSAN. Morris and Miller13 developed an acoustic analogy

based model for predicting the BBSAN based on linearizeda)Electronic mail: trushant@ufl.edu
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Euler equations (LEE) and Reynolds-averaged Navier-

Stokes (RANS) simulations. Suzuki14 created a model to

predict BBSAN using wave-packets and large-eddy simula-

tion (LES). He created a semi-empirical model of the cross-

correlation of the proper orthogonal decomposition modes of

near-field LES data and used those to predict the sound

pressure level (SPL) at different Strouhal numbers in the

far-field.

Although the above prediction models yield excellent

prediction results, the true source term responsible for

BBSAN is not known. Harper-Bourne and Fisher8 and

Suzuki14 use the cross-spectral correlation function of pres-

sure at different shock-cell locations for prediction of

BBSAN. The cross-correlation function used by Harper-

Bourne and Fisher8 is empirical in nature and based on the

experimental scaling of shock-noise, while the one used by

Suzuki14 is a semi-empirical model based on a wave-packet

model and LES data. Tam9 used the method of matched

asymptotic expansions to solve for pressure in the near- and

far-field, and very little empiricism is present in his approach.

The amplitude of pressure is approximated by an analytical

model, and the spectral density of pressure is found by the

Fourier transform of the auto-correlation of pressure. Morris

and Miller13 derived the source term for BBSAN using

scaling or dimensional analysis of the unsteady force per unit

volume associated with the interactions between the turbulent

velocity fluctuations and the velocity perturbations associated

with the shock-cells, which is the source term present on the

right-hand side of the acoustic analogy based on LEE. In this

paper, we identify the source terms for BBSAN using a newly

formed acoustic analogy based on the decomposition of the

Navier-Stokes equations.

To identify the source term for BBSAN, we perform an

analysis of multiple terms obtained from the Navier-Stokes

equations with varying NPRs. From their experiments,

Harper-Bourne and Fisher8 showed that the BBSAN scales

as b4. Here b ¼ ðjM2
j �M2

djÞ
1=2

, where Mj is the fully-

expanded jet Mach number while Md is the design Mach

number. Later, Tanna15 and Tam and Tanna10 confirmed the

scaling of BBSAN as b4 from their extensive experimental

results. Various experiments by Seiner and Norum,16,17

Norum and Seiner,18–20 and Seiner and Yu21 significantly

enhanced our understanding of shock-associated noise. From

theory, Tam9 also confirmed the same scaling factor of b4.

Miller22 also found that the source term in the Morris and

Miller13 model scales as b4 for unheated jets. Kandula23 pro-

posed a theory based on the linear interaction of shock waves

and vorticity and found that the intensity of BBSAN scales

as b4:2. Viswanathan et al.24 found that the scaling of

BBSAN varies from b2:7 to b6:17 depending on the observer

angle as well as the TTR. However, for unheated jets in the

sideline direction the scaling is close to b4.

Various studies have been conducted to ascertain the

source location of BBSAN. Norum and Seiner18,19 and

Seiner and Yu21 found that the source locations for BBSAN

are located near the end of the potential core, where the

large-scale instability waves have reached maximum growth

before breaking down. Seiner and Yu21 identified the source

locations of BBSAN using correlations from an array of

near-field microphones. They show that the maximum noise

comes from six to ten nozzle diameters downstream from

the nozzle exit. Podboy et al.25 used a phased microphone

array with a beamforming method to find the source loca-

tions. They also found that the maximum noise radiates from

the weak shocks at the end of the potential core region,

where the shock-cell spacing is comparable to the length

scale of the large-scale structures. Tan et al.26 reconstructed

the sources of BBSAN using the Morris and Miller13 model.

They used particle image velocimetry and RANS results as

an input to the model and found that the sources are located

within the first four to five shock-cells.

In order to reduce the intensity of BBSAN, we need to

understand the source of the noise. The basis of our method is

the newly developed acoustic analogy approach of Miller.27

In the work of Miller,27 an acoustic analogy was used to

predict the noise from isotropic turbulence. However, as the

analogy is based on the Navier-Stokes equations, it contains

all the noise sources. In the present work, we try to identify

the shock-noise source term from all the source terms present

in the Navier-Stokes equations using this analogy.

The rest of the paper is organized as follows. The math-

ematical model of Miller27 is discussed briefly in Sec. II A in

the new context of shock-noise. Relevant arguments for the
FIG. 2. (Color online) Jet noise spectrum with empirical source spectra in

the sideline direction (h ¼ 90�).

FIG. 1. (Color online) F/A-18C Hornet on USS Theodore Roosevelt. USN

public release photo: 180123-N-GP724-1102.
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model are derived in Secs. II B and II C. Identification of the

source term for BBSAN is performed in Sec. II D, and the

arguments are integrated into the model in Sec. II E.

Predictions based on the newly developed model at different

angles and with different NPRs are shown in Sec. III A, and

source locations for BBSAN at different Strouhal numbers

are shown in Sec. III B.

II. MATHEMATICAL MODEL

A. Navier-Stokes equations based acoustic analogy

A flow-chart for the acoustic analogy based on the

decomposition of the Navier-Stokes equations is shown in

Fig. 3. The field-variables in the Navier-Stokes equations are

decomposed to time-averaged base flow, aerodynamic turbu-

lent fluctuations, and the radiating acoustic fluctuations. The

resulting equations are rearranged such that the radiating

components are kept on the left-hand side, while the base

flow and aerodynamic turbulent fluctuations are brought to

the right-hand side. The left-hand side terms are linearized,

and the spectral density of the radiating components is

obtained by convolving the vector Green’s function with the

source terms present on the right-hand side.

Assuming that the fluid is in continuum and the Navier-

Stokes equations govern the fluid flow, we write the continu-

ity, momentum, and energy equation as

@q
@t
þ @quj

@xj
¼ 0; (1)

@qui

@t
þ @quiuj

@xj
¼ � @p

@xj
dij þ

@

@xj
l
@ui

@xj
þ @uj

@xi

� �� �

� 2

3

@

@xj
l
@uk

@xk

� �
; (2)

and

@p

@t
þ c� 1

2

@qukuk

@t
þ c� 1

2

@qujukuk

@xj

¼ �c
@ujp

@xj
þ ðc� 1Þ @

@xj

cpl
Pr

@T

@xj

� �

þðc� 1Þ @
@xj

lui
@ui

@xj
þ @uj

@xi

� �� �

� ðc� 1Þ 2
3
dij

@

@xj
lui

@uk

@xk

� �
: (3)

Here, q; u; p, and T represent the instantaneous density,

velocity, pressure, and temperature of the fluid, respectively.

The spatial position and time is denoted by x and t, respec-

tively. Calorically perfect gas equations such as

p ¼ qRT; e ¼ cvT; R ¼ cp � cv, and c ¼ cp=cv are used for

closure, where R is the universal gas constant, e is the inter-

nal energy, and cp and cv are the specific heats at constant

pressure and volume, respectively. The Prandtl number is

denoted by Pr ¼ cpl=k, where l is the dynamic viscosity

and k is the thermal conductivity. Kronecker delta function

is represented by dij. Note that the energy equation is con-

verted to the pressure form using the calorically perfect gas

equations, as we are interested in the pressure of the sound

field at the observer location.

Miller27 decomposes the field-variables such as pres-

sure, velocity, temperature, etc., as

q ¼ �q þ �q þ q̂ þ q0 þ q00; (4)

where q is any field-variable. The over-bar operator represents

the time-averaged base flow. The breve operator indicates the

fluctuations of spatially incoherent isotropic turbulence, while

the hat operator indicates the fluctuations from coherent aniso-

tropic turbulence. A single prime denotes the radiating compo-

nent due to the anisotropic fluctuations, while a double prime

denotes the radiating component due to the isotropic fluctua-

tions. Justification of this approach is discussed by Miller.27

These decomposed field-variables are substituted in

Eqs. (1)–(3). The resulting equations are rearranged such that

the radiating terms are on the left-hand side of the equations,

and the time-averaged base flow, isotropic fluctuations, and

anisotropic fluctuations are brought to the right-hand side.

The right-hand side of the equations results in the exact

Navier-Stokes equations operating on the summation of base

flow and turbulent fluctuations. The left-hand side terms are

viewed as propagators, while the right-hand side terms of the

equations are viewed as source terms. The source terms on

the right-hand side can be written as

H0 ¼ �
@q

@t
�
@quj

@xj
; (5)FIG. 3. (Color online) Flow-chart of the acoustic analogy based on the

decomposition of the Navier-Stokes equations.
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Hi ¼ �
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@quiuj
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and

H4 ¼ �
@p

@t
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2
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@xj
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2
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 !" #
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� �
; (7)

where H0 represents the source terms from the continuity

equation, Hi (where i¼ 1, 2, 3) represents the three compo-

nents of the source terms from momentum equations and H4

represents the source terms from the energy equation. Note

that the Einstein’s convention is only applied for indices,

i¼ 1, 2, 3. The under-bar operator in Eqs. (5)–(7) denotes

the sum of the base quantity and fluctuating turbulent quanti-

ties, i.e., q ¼ �q þ q̂ þ �q.

The propagators on the left-hand side are linearized and

are written as

@q?
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þ @

@xj
qu?j þ q?uj

� �
¼ H0; (8)
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where the superscript ? on the field-variables denotes the

summation of the radiating fluctuations due to anisotropic

and isotropic turbulence respectively, i.e., q? ¼ q0 þ q00.

Miller27 found the solution to Eqs. (8)–(10) using vector

Green’s function, which satisfies

@q?n
g
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þ @
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qu?n

j;g þ q?n
g uj
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" #
¼ dðx� yÞdðt� sÞd4n:

(13)

The vector Green’s function is written in terms of field-

variable, q?n
k;g ¼ ½q?n

g ; u?n
i;g ; p

?n
g �

T
, which satisfies Eqs.

(11)–(13). The subscript g denotes the Green’s function, x

and y represents the observer location and source location,

respectively, d is the Dirac delta function, and s is the source

emission time.

Using a convolution integral, the solution to the above

Eqs. (11)–(13) can be written as

q?k ðx; tÞ ¼
ð1
�1

…

ð1
�1

X4

j¼0

q?;jg;k ðx; t; y; sÞHjðy; sÞdsdy:

(14)

Using the Wiener-Khinchin theorem,28 we can define the

spectral density as the inverse Fourier transform of the auto-

correlation function as

S?k ðx;xÞ ¼
ð1
�1
hq?k ðx; tÞq?k ðx; tþ s†Þiexp ixs†½ �ds†:

(15)

Making simplifications after substituting Eq. (14) in Eq. (15)

and using the definition of auto-correlation, we write the

spectral density of pressure as
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S?4 ðx;xÞ ¼
ð1
�1

…

ð1
�1

X4

m¼0

X4

n¼0

~p�?;mg ðx; y;xÞ

� ~p?;ng ðx; yþ g;xÞR?m;nðy; g; sÞ
� exp ixs½ �dsdgdy: (16)

Here, the two-point space-time cross-correlation of the

source terms is denoted by Rm;nðy; g; sÞ and written as

R?m;nðy; g; sÞ ¼ hHmðy; sÞHnðyþ g; sþ DsÞi

¼
ð1
�1

Hmðy; sÞHnðyþ g; sþ DsÞdDs;

(17)

where g ¼ ðn; g; fÞ is a source separation vector pointing

from one source location to the other, while Ds is the time

delay between the two sources. The tilde operator ~q repre-

sents the Fourier transform on the field variable q, while the

asterisk superscript q� represents the complex conjugate of

the complex variable q.

To evaluate Eq. (16), we require the vector Green’s

function as well as the two-point cross-correlation source

term(s). In Sec. II B, we derive the vector Green’s function

for pressure, and we identify the source terms for BBSAN in

Sec. II C.

B. Vector Green’s function

The refraction effects for a single stream unheated jet in

the sideline direction are minimal.29–31 We also assume that

the environment is quiescent for deriving the vector Green’s

function. Atmospheric attenuation due to viscosity, humid-

ity, and heat conduction can be calculated from the work of

Bass et al.32 at different frequencies. Standards such as ISO

9613-1:1993 and ANSI S1.26-1995 use minor variations of

the same formula. The attenuation at 20 �C at atmospheric

pressure with 0% relative humidity for a sound wave with a

frequency of 10 kHz is 0.05 dB/m. Considerable losses have

to be taken into account for high frequencies and over large

distances. However, for the current application (frequency,

f< 0.1 MHz; distance, d< 20 m), we can neglect the viscous

effects on the linear sound propagation.

To obtain the vector Green’s function for pressure, we

perform partial time derivative on the energy Green’s Eq.

(13) and take a gradient of the momentum Green’s Eq. (12).

We use the relation cp1 ¼ c2
1q1, multiply c2

1 to the gradi-

ent of the momentum Green’s equation, and subtract the

result from the time derivative of the energy Green’s

equation. We obtain

@2p?n
g

@t2
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1
@2p?n

g

@x2
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@t
dðx� yÞdðt� sÞd4n½ �
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dðx� yÞdðt� sÞdin½ �:

(18)

Performing the Fourier transform with respect to time on

Eq. (18) we obtain
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1
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¼ ixdðx� yÞd4nþ c2
1
@
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(19)

The solution to the vector Green’s function for pressure is
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ðxi � yiÞ

r
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ixr
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� �
din

� ix
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1r
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ixr

c1

� �
d4n; (20)

where r ¼ jx� yj. For the far-field, we can simplify the vec-

tor Green’s function to

~p?n
g ðx;y;xÞ ¼

�ix
4pc1r

exp
ixr

c1

� �
xi

r
dinþ

1

c1
d4n

� �
: (21)

Following Tam and Auriault,33 we obtain

~p?n
g ðx; yþ g;xÞ ¼ ~p?n

g ðx; y;xÞ exp � ixx � g
c1r

� �
; (22)

which is a relation for the phase difference between two

stream-wise source locations within a jet after the far-field

assumption has been made. Next, we identify the source

terms for shock-associated noise.

C. Source terms for shock-associated noise

The source term in Eq. (16) is the two-point cross-

correlation of the sources of Eqs. (5)–(7). The two-point

cross-correlation can be written as a matrix containing 25

elements formed from the cross-correlation of Eqs. (5)–(7) as

R?m;n ¼

R?00 R?01 R?02 R?03 R?04

R?10 R?11 R?12 R?13 R?14

R?20 R?21 R?22 R?23 R?24

R?30 R?31 R?32 R?33 R?34

R?40 R?41 R?42 R?43 R?44

2
66666664

3
77777775
: (23)

Here, R?00 represents the two-point cross-correlation of continu-

ity equation with itself, R?01 to R?03 represents the two-point

cross-correlation of the continuity equation with the three com-

ponents of the momentum equations, while R?04 represents the

two-point cross-correlation of the continuity equation with the

energy equation. Similarly, other terms represent the two-point

cross-correlation of the momentum equations with the continu-

ity and energy equation, and energy equation with the continu-

ity and momentum equations.

As an example, the two-point cross-correlation for the

continuity-continuity equation can be written as

R?0;0¼hH0ðy;sÞ;H0ðyþg;sþDsÞi

¼ �
@qð1Þ

@s
�
@qð1Þuð1Þj

@yj

 !
; �

@qð2Þ

@s
�
@qð2Þuð1Þm

@ym

 !* +
:

(24)
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Expanding Eq. (24), we can write the two-point cross-corre-

lation as

R?0;0ðy; g; sÞ ¼
@qð1Þ

@s
;
@qð2Þ

@s

* +
þ

@qð1Þ

@s
;
@qð2Þuð2Þm

@ym

* +

þ
@qð1Þuð1Þj

@yj
;
@qð2Þ

@s

* +

þ
@qð1Þuð1Þj

@yj
;
@qð2Þuð2Þm

@ym

* +
: (25)

Expanding all the two-point cross-correlation terms in Eq. (23)

will result in 576 terms. In Eqs. (24) and (25), the superscripts

(1) and (2) denote the location of two different source terms,

one at location y and the other at yþ g. The derivatives in the

source terms are performed with respect to y and s because

they represent the source position and time, respectively.

Following Ribner,34 we model these two-point cross-

correlation terms as

R?m;n ¼ AR; (26)

where A represents the magnitude of the two-point cross-

correlation source term and R represents the normalized two-

point cross-correlation term. The magnitude is directly

obtained from the source term, while the normalized two-

point cross-correlation term can be obtained from numerical

computations like LES or direct numerical simulations

(DNS), or can be estimated from theoretical or experimental

results. Note that the normalized two-point cross-correlation

term will be different depending on whether the source terms

are isotropic ( �R), anisotropic (R̂), or is an interaction of the

anisotropic turbulence with the isotropic turbulence ( �̂R). For

example, we expand the first term of the continuity-

continuity correlation into its respective base flow, isotropic

fluctuation, and anisotropic fluctuation components as

@qð1Þ

@s
;
@qð2Þ

@s

* +
¼ @�qð1Þ

@s
@�qð2Þ

@s
þ @�qð1Þ

@s
�qð2Þ

�sð2Þs

þ @�qð1Þ

@s
q̂ð2Þ

ŝð2Þs

þ �qð1Þ

�sð1Þs

@�qð2Þ

@s

þ �qð1Þ

�sð1Þs

�qð2Þ

�sð2Þs

�Rþ �qð1Þ

�sð1Þs

q̂ð2Þ

ŝð2Þs

�̂R

þ q̂ð1Þ

ŝð1Þs

@�qð2Þ

@s
þ q̂ð1Þ

ŝð1Þs

�qð2Þ

�sð2Þs

�̂R þ q̂ð1Þ

ŝð1Þs

q̂ð2Þ

ŝð2Þs

R̂:

(27)

Since each respective term of the two-point cross-correlation

is decomposed into three components, the decomposed first

term of Eq. (25) is shown in Eq. (27), which consists of nine

different terms. The magnitude of the space or time deriva-

tives of the fluctuating terms is approximated using an order

of magnitude analysis. Their magnitude is modeled as the

ratio of the fluctuating term with an appropriate time or

length scale corresponding to that term. From Eq. (26), an

appropriate normalized two-point cross-correlation term is

multiplied with the magnitude of the source term. The second,

third, and fourth term in Eq. (25) consists of 27, 27, and 81

terms, respectively, if expanded. Note that the correlation

between two constant quantities, or a fluctuating quantity and a

constant is zero, thus we can eliminate five of the nine terms in

Eq. (27). Decomposing each of the 576 terms and evaluating

each term individually is tedious. Also, one of the terms within

the energy-energy correlation can be decomposed to 6561 fur-

ther terms. To find the BBSAN source term within all possible

source term expansions, we eliminate various source terms that

do not correlate with the scaling of BBSAN. We then focus

our modeling effort on the physical mechanism of BBSAN and

try to identify terms that are related.

Lighthill35 noted that “The viscous stresses are just as
unimportant inside the flow as they are known to be outside
it.” For air, we can neglect the viscous source terms as their

magnitude are five orders lower than the other source terms.

Now, the number of terms that require evaluation is drasti-

cally reduced. The remaining source terms from the momen-

tum and energy equations are written as

Hi ¼ �
@qui

@t
�
@quiuj

@xj
�
@p

@xj
dij; (28)

and

H4 ¼ �
@p

@t
� c� 1

2

@qukuk

@t
� c

@ujp

@xj
� c� 1

2

@qujukuk

@xj
:

(29)

Based on the physics of BBSAN, we know that the source

term depends on the interaction of shocks with the large-scale

turbulent structures. From the remaining source terms shown in

Eqs. (28) and (29), we find the terms that represent the shock

strength as well as the large-scale turbulent structures. The shock

strength is either represented by the gradient of mean pressure or

the gradient of the mean density, while the large turbulent struc-

tures are represented by anisotropic velocity. In the current

paper, we use the RANS solutions to obtain the mean quantities,

while the isotropic and anisotropic fluctuations are modeled

based on theoretical and experimental results. However, given

an instantaneous flow-field, the aerodynamic fluctuating quanti-

ties can be separated into isotropic and anisotropic fluctuations

by using decomposition methods such as proper orthogonal

decomposition or singular value decomposition.

We can see that the third term in Eq. (28) and the first term

in Eq. (29), i.e., gradient of pressure and the time derivative of

pressure do not represent the source term for BBSAN. Since the

shocks are represented by the mean pressures, the fluctuating

pressures do not indicate the shock locations as well as the

shock strength. The time derivatives of mean quantities are

zero, while the spatial derivative of the mean quantities is a con-

stant. Hence, the two-point cross-correlation of both these terms

with any of the other remaining terms is zero. Similarly, the first

term in Eq. (28) and the second term in Eq. (29) can be elimi-

nated as both involve time derivative terms. However, the two-

point cross-correlation of the second term in Eq. (29) is used by
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Tam and Auriault33 as a source of fine-scale mixing noise. They

proposed this source term using the gas kinetic theory. The

same source term is independently obtained by the approach in

the present paper. The remaining terms are

Rð1Þ ¼
@qð1Þuð1Þi u

ð1Þ
j

@yj
;
@qð2Þuð2Þl uð2Þm

@ym

* +
; (30a)

Rð2Þ ¼ c
@qð1Þuð1Þi u

ð1Þ
j

@yj
;
@uð2Þm pð2Þ

@ym

* +
; (30b)

Rð3Þ ¼ c� 1

2

@qð1Þuð1Þi u
ð1Þ
j

@yj
;
@qð2Þuð2Þm uð2Þn uð2Þn

@ym

* +
; (30c)

Rð4Þ ¼ c2
@u
ð1Þ
j pð1Þ

@yj
;
@uð2Þm pð2Þ

@ym

* +
; (30d)

Rð5Þ ¼ cðc� 1Þ
2

@u
ð1Þ
j pð1Þ

@yj
;
@qð2Þuð2Þm uð2Þn uð2Þn

@ym

* +
; (30e)

and

Rð6Þ ¼ ðc� 1Þ2

4

@qð1Þuð1Þj u
ð1Þ
k u

ð1Þ
k

@yj
;
@qð2Þuð2Þm uð2Þn uð2Þn

@ym

* +
;

(30f)

which are candidates for source terms of BBSAN. We sim-

plify Eq. (30) as per Eq. (26) and obtain

Rð1Þ ¼ @�qð1Þ�uð1Þi

@yj

@�qð2Þ�uð2Þl

@ym
û
ð1Þ
j ûð2Þm R̂; (31a)

Rð2Þ ¼ c
@�qð1Þ�uð1Þi

@yj

@�pð2Þ

@ym
û
ð1Þ
j ûð2Þm R̂; (31b)

Rð3Þ ¼ c� 1

2

@�qð1Þ�uð1Þi

@yj

@�qð2Þ�uð2Þn �uð2Þn

@ym
û
ð1Þ
j ûð2Þm R̂; (31c)

Rð4Þ ¼ c2 @�pð1Þ

@yj

@�pð2Þ

@ym
û
ð1Þ
j ûð2Þm R̂; (31d)

Rð5Þ ¼ cðc� 1Þ
2

@�pð1Þ

@yj

@�qð2Þ�uð2Þn �uð2Þn

@ym
û
ð1Þ
j ûð2Þm R̂; (31e)

and

Rð6Þ ¼ ðc� 1Þ2

4

@�qð1Þ�uð1Þk �u
ð1Þ
k

@yj

@�qð2Þ�uð2Þn �uð2Þn

@ym
û
ð1Þ
j ûð2Þm R̂:

(31f)

In Sec. II D, we identify the BBSAN source term by

comparing the scaling of the source term with experimental

scaling laws of BBSAN. After identifying the source term,

and substituting the source term and vector Green’s function

in Eq. (16), we integrate Eq. (16) with respect to s and g in

Sec. II E to obtain a closed-form model for BBSAN.

D. Scaling of source terms with off-design parameter

We perform a scaling analysis of Eq. (30) with the off-

design parameter b to identify the source of BBSAN. We use

steady RANS computational fluid dynamics (CFD) to find the

meanflow properties of the jet. The RANS simulation is closed

by the Menter36 K � X shear stress transport model, where K
represents the turbulent kinetic energy and X represents the

specific dissipation rate. The FUN3D37 code is used to simulate

the RANS solutions. The nozzle used for the simulation is the

SMC016 nozzle, where SMC stands for small metal chevron.

SMC016 is an axisymmetric convergent-divergent nozzle with

design Mach number, Md ¼ 1:5. The domain is extended to

100 D in the downstream direction, and 50 D in the cross-

stream direction, where D¼ 0.0508 m is the diameter of the

nozzle exit. As the nozzle is axisymmetric, the mesh is

extruded by rotating it 90�. Abdol-Hamid et al.38 performed

nozzle simulations on the ARN1 nozzle using FUN3D. We use

the same boundary conditions as Abdol-Hamid et al.38

Symmetric plane boundary conditions are applied on the sides

to save computational expense. Total pressure and total tem-

perature are specified at the inlet of the nozzle, atmospheric

pressure is specified at the outlet, an adiabatic no-slip wall is

specified at the nozzle walls, and a zero free-stream velocity is

specified on the top and side boundaries of the domain.

The NPR corresponding to the ideal operating condition for

the SMC016 nozzle is 3.67. The CFD simulations are per-

formed at NPR ¼ [3.693, 3.745, 3.858, 4.043, 4.32, 4.7, 5.2, 6]

for under-expanded cases, and at NPR ¼ [2.4, 2.75, 3.1, 3.382,

3.503, 3.593, 3.643] for over-expanded cases. All the cases cor-

respond to an unheated jet with TTR¼ 1.0. The magnitude of

all the source terms from Eq. (31) are evaluated for scaling anal-

ysis using RANS results. The magnitude of ûjûm in the source

terms from Eq. (31) is modeled by turbulent kinetic energy,

which is obtained directly from the RANS simulations. Note

that this approximation is only for the scaling analysis and the

anisotropic velocities are modeled using an anisotropic spectrum

in Sec. II E, for predicting the BBSAN. The normalized two-

point cross-correlation is not considered for scaling analysis.

The scaling of BBSAN for both under-expanded as well

as over-expanded cases is shown in Fig. 4. The normalized

intensity of the source term, obtained using RANS CFD solu-

tions, is plotted against the off-design parameter b in Fig. 4.

For the over-expanded case, none of the terms except term-4

scales with b4. Term-4 is initially constant, because the oper-

ating condition of the jet is very close to the ideally expanded

condition. Only very weak shocks are present in the jet

exhaust and other noise sources dominate BBSAN at this con-

dition. The BBSAN scales as b4 for NPR ¼ [3.503, 3.382,

3.1]. Mach disk formation starts when we decrease the NPR

less than 3.1. Therefore, an abrupt drop of amplitude for term-

4 occurs at NPR¼ 2.4. For the under-expanded condition,

term-4 is the most correlated with b4 among all possible

source terms. Term-2 and term-5 show rough scaling with b2

because of the presence of the gradient of pressure term.

Term-1, 3, and 6 are independent of b and are not candidates

for shock-noise. Term-4 scales very well as b4 except at

NPR¼ 3.693, which is very close to the ideally expanded con-

dition of NPR¼ 3.67. From the scaling analysis of Eq. (31), it
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could be inferred that any bi-product of the gradient of mean

pressure term can scale as b4. However, that is not the case,

and to further confirm that there are no additional term that

scales as b4, we perform the scaling analysis of the term

Rð7Þ ¼ @�pð1Þ

@yj

@�pð2Þ

@ym
; (32)

as an example. Note that although this term is present in the

momentum equation, the two-point cross-correlation of this

term is zero because of the presence of only mean quantities.

The scaling of the term-7 from Eq. (32) is shown in Fig. 4.

Figure 4 shows that the term-7 roughly scales as b5. Hence,

the only term that scales as b4 is term-4.

The source term for BBSAN is given by Eq. (31d),

based on the correlation with the variation of NPR. This

term is the product of the gradient of mean pressure with the

anisotropic velocity. The gradient of mean pressure repre-

sents the shock strength while the anisotropic velocities rep-

resent the large-scale structures in the shear layer. This term

is obtained from the acoustic analogy based on the decompo-

sition of the Navier-Stokes equations. The source term is

evaluated by making various empirical assumptions such as

modeling the two-point cross-correlation as well as the

anisotropic velocities while using a RANS simulation. In

Sec. II E, we evaluate the spectral density of pressure by

modeling the anisotropic normalized two-point cross-corre-

lation term and substituting the arguments in Eq. (16).

E. Evaluation of the spectral density

Following Ribner,34 we model the normalized two-point

cross-correlation as

R̂ ¼ exp � jsj
ss

� �
exp �ðn� ucsÞ2

l2

� �
exp �ðg

2 þ f2Þ
l2
?

" #
;

(33)

where ss is the time scale, l and l? are the length scales in

the streamwise and cross-stream direction, respectively, and

uc is the eddy convection speed.

We substitute the source terms of Eqs. (31d) and (33), and

the solution to the vector Green’s function of Eqs. (21) and (22)

in Eq. (16), and integrate the equation with respect to s and g. We

follow Morris and Miller13 to evaluate the gradient of pressure at

two different locations by taking the Fourier transform of one

term. The resulting spectral density is very similar to the model of

Morris and Miller13 because we use the same normalized two-

point cross-correlation model. However, the source terms in the

two models are different. After integrating, we obtain

S?4 ðx;xÞ ¼
c2x2

16p
ffiffiffi
p
p

c4
1r2

ð ð1
�1

ð
l2
?lss exp �x2l2

? sin2h
4c2
1

" #
@�p

@yj
ðyÞûjðyÞ

�
ð1
�1

exp �l2 j� x cos h
c1

� �2	
4

" #

1þ 1�Mc cos hþ ucj
x

� �2

x2s2
s

" # @�p

@ym
ðj; y2; y3Þdj

2
666664

3
777775 � ûmðyÞdy; (34)

FIG. 4. (Color online) Scaling of BBSAN source term for (a) over-expanded case and (b) under-expanded case.
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where j is the wavenumber, Mc ¼ ucc�1
1 represents the con-

vective Mach number, and h is the polar observer angle. The

implementation of Eq. (34) is performed similarly to Morris

and Miller.13 The mean values are obtained using the RANS

K � X SST model. The gradient of mean pressure and the

turbulent kinetic energy from the RANS simulations are

shown in Fig. 5, corresponding to NPR¼ 5.2 and TTR¼ 1.0.

The convection velocity of large-scale turbulent structures is

modeled as uc ¼ �u. The dissipation rate e is obtained using

� ¼ 0:09KX.36 A length scale and time scale are estimated

from turbulent kinetic energy and dissipation rate as

l ¼ clK
3=2��1; l? ¼ 0:33l, and ss ¼ csK�

�1, where cs and cl

are constants.

The composite energy spectrum for velocity can be

modeled based on Kolmogorov39 theory as

EuðjÞ ¼ cu�
2=3j�5=3fL;uðjLÞfg;uðjgÞ; (35)

where the constant cu ¼ 1:5.40 The spectrum scales as j�5=3

in the inertial subrange region and is connected to the

energy-containing range and the dissipation range by the

composite spectrum proposed by Pope40 as

fL;uðjLÞ ¼ jLffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjLÞ2 þ 6:78

q
2
4

3
5

11=3

; (36a)

and

fg;uðjgÞ ¼ exp �2:1 ðjgÞ4 þ 0:0256

h i1=4

� 0:4

� �� �
:

(36b)

The anisotropic velocities are modeled based on the

numerical and theoretical work of Ishihara et al.41 They

showed that the anisotropic energy spectrum for velocity in

the homogeneous turbulent shear layer scales as

ÊuðjÞ ¼ ĉu�
1=3j�7=3fL;uðjLÞfg;uðjgÞ: (37)

The amplitude in the energy-containing range for anisotropic

spectra is matched with the Kolmogorov39 theory from Eq.

(35) using the parameter ĉu. The isotropic spectrum is

obtained by subtracting the anisotropic spectrum from the

total velocity spectrum. The isotropic and anisotropic energy

spectra are a function of space depending on the local turbu-

lent kinetic energy (K) and the local specific dissipation rate

(X) at each point inside the domain. The energy spectra for a

point in the shear layer of the jet exhaust is shown in Fig. 6.

The anisotropy of the large-scale structures is captured using

an anisotropic energy spectrum. Figure 6 shows that the

energy contained at low wavenumbers is higher for the

anisotropic spectrum. This corresponds to the large-scale

coherent structures that have most of its energy at low wave-

numbers. Conversely, the energy contained at high wave-

numbers is higher for the isotropic spectrum, which

corresponds to the energy from the fine-scale incoherent

structures. The anisotropic velocity can be obtained from the

energy spectrum as

û1ðy; sÞ ¼ c1

ðj2

j1

Êuðy; j; sÞdj

" #1=2

; (38a)

and

û2ðy; sÞ ¼ û3ðy; sÞ ¼ c2

ðj2

j1

Êuðy; j; sÞdj

" #1=2

; (38b)

where c1 ¼ 18=11 and c2 ¼ 2=11 are empirical constants.

The limits of the integrations, j1 and j2, are determined

from the frequency which is being evaluated, i.e., x
¼ c1ðj1 þ j2Þ=2. The wavenumbers, j1 and j2, are related

as j2 � j1 ¼ x=c1.

Finally, the numerical integration of Eq. (34) is per-

formed on a structured grid. The CFD solution is interpo-

lated on two different structured grids. One grid is used to

perform the discrete Fourier transform (DFT) of the gradient

of pressure, while the other grid is for numerical integration

of the spectral density of pressure. The wavenumber grid,

i.e., the grid on which the DFT is performed, extends from

0:00196D to 30 D in the stream-wise direction with 1024

equidistant points and extends from 0 to D in the cross-

stream direction with 100 equidistant points. This allows us

to resolve Dj ¼ 2:061 m�1 while the wavenumber scale

FIG. 5. (Color online) Contours of (Top) turbulent kinetic energy; (Bottom)

magnitude of the gradient of mean pressure.

FIG. 6. (Color online) Decomposition of the total energy spectrum of veloc-

ity to anisotropic and isotropic spectra.
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ranges from �2110.86 to 2110.86 m�1. The DFT is calcu-

lated after mirroring the gradient of pressure across j ¼ 0 so

that the Fourier transform is real and symmetric. The low-

frequency component near zero wavenumber is not consid-

ered inside the integration because it represents a fictitious

amount of energy due to the meanflow of the RANS solu-

tion. The volume integration grid extends from 0:00196D to

15 D in the stream-wise direction and 0 to D in the cross-

stream direction while having 500 and 100 equidistant

points, respectively, in each direction. The wavenumber

spectrum and the spatial region for obtaining the spectral

density are integrated using the trapezoidal rule.

III. RESULTS

A. BBSAN prediction results

The prediction results from Eq. (34) are plotted against the

previous prediction model by Morris and Miller13 and the

experimental SHJAR database5 in Fig. 7. The predictions are

compared with the experimental SHJAR database5 that con-

tains corrections for atmospheric losses. The observer is

located at 100 D from the nozzle exit at multiple angles. The

predictions and measurements are shown as the SPL per unit

Strouhal number versus Strouhal number. The Strouhal number

is the non-dimensionalized frequency, which is defined as

St ¼ fDj=uj, where Dj and uj are the fully-expanded jet diame-

ter and jet velocity, respectively. We first calibrate our model

with the experimental results using the Mj ¼ 1:734 case for the

observer at h ¼ 90�. The constants are calibrated once with the

experimental results for one operating condition, and the same

constants are used for predicting the BBSAN over a range

of conditions. The calibrated constants used in this paper are

cl ¼ 0:75 and cs ¼ 1:75. The amplitude for the spectral den-

sity of BBSAN is scaled using a constant, A ¼ 100:778 ¼ 6 for

all jet conditions. Same calibration conditions (Mj ¼ 1:734;

h ¼ 90�), but different calibration constants are used for the

calibration of the Morris and Miller13 model. The calibration

constants used for the Morris and Miller13 model are cl ¼ 1:0;
cs ¼ 0:6, and A¼ 6. The predictions performed at multiple

angles ranging from h ¼ 70� to h ¼ 130� for Mj ¼ 1:734 are

shown in Fig. 7(a), where h is measured from the downstream

jet axis. The predictions are compared with the experimental

results at various over-expanded and under-expanded cases

ranging from Mj ¼ 1:294 to Mj ¼ 1:8282 in the sideline direc-

tion shown in Fig. 7(b). The maximum SPL of the individual

experimental spectrum is annotated in Fig. 7.

When comparing the results from the current model

with the experimental results in Fig. 7(a), the prediction

results match the peak Strouhal numbers within DSt ¼ 0:1,

while the amplitudes match within 0.5 dB for the peak

BBSAN. The predictions from the Morris and Miller13

model are very similar to the current model predictions.

They are offset by a maximum DSt ¼ 0:15 and the ampli-

tude is underpredicted by 1 dB at h ¼ 70� when compared to

FIG. 7. (Color online) Prediction results for scaling of shock-noise at multiple (a) angles for Md ¼ 1:5; Mj ¼ 1:734 and (b) NPRs in the sideline direction

(h ¼ 90�).
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the experimental results. For h ¼ 120� and h ¼ 130�, the

current prediction as well as the Morris and Miller13 predic-

tion over-predicts the multiple harmonics of BBSAN by

about 1 and 2 dB, respectively. Using the current prediction

model in Fig. 7(b), the peak Strouhal number matches the

experimental spectrum within DSt ¼ 0:1, except for the

over-expanded case of Mj ¼ 1:294, where the peak Strouhal

number is offset by DSt ¼ 0:2. For Mj ¼ 1:294, the current

prediction under-predicts the peak SPL by 3 dB. The Morris

and Miller13 model under-predicts the peak SPL by 5 dB,

and Strouhal number is offset by DSt ¼ 0:03 for the

Mj ¼ 1:294 case. The higher harmonics in the current model

predictions are under-predicted by 4 dB for the over-

expanded cases, Mj ¼ 1:294 and 1:381, while they are under-

predicted by 2 dB for the under-expanded case Mj ¼ 1:611.

The Morris and Miller13 model under-predicts the higher

harmonics by 7 and 6 dB for Mj ¼ 1:294 and 1:381, respec-

tively. For the under-expanded case Mj ¼ 1:611, the peak

SPL is under-predicted by 3 dB, while the higher harmonics

are under-predicted by 5 dB by the Morris and Miller13

model. There is over-prediction in the second harmonic by

3 dB in the under-expanded case Mj ¼ 1:8282 from both the

models.

Considerable discrepancies are present in the over-

expanded case when comparing prediction results with the

experimental results. However, there is a minor improve-

ment in over-expanded conditions for the peak SPL when

compared to the Morris and Miller13 model. One possible

reason for the discrepancy between the current predictions

and the experimental results in the Mj ¼ 1:294 case might be

the screech effects, as they modify the BBSAN spec-

trum.18,42 However, the screech effects are also present in

Mj ¼ 1:381 case, and the peak SPL is predicted correctly.

The discrepancies might have been caused due to Mach disk

formation also, which occurs at the Mj ¼ 1:294 case, and

lowers the intensity of the shock-associated noise. Another

reason for some of the discrepancy might be that the aniso-

tropic velocities are estimated empirically, and obtaining

more accurate data from DNS or LES simulations could

improve the prediction results. Also, the decay of BBSAN at

very high frequency does not match the experimental results.

Kalyan and Karabasov43 showed that using frequency-

dependent length and time scales for the Morris and Miller13

model considerably improves the high-frequency prediction.

The same approach can be adapted to potentially improve

high-frequency predictions. We have not followed their

approach here because we have set out to identify the correct

source term within the Navier-Stokes equations.

B. BBSAN source locations

The source locations are now evaluated based on the

model. To obtain the source locations, we do not numerically

integrate Eq. (34) in the spatial directions. All other opera-

tions inside the integral of Eq. (34) such as performing the

DFT and integrating into wavenumber space, are performed

at various Strouhal numbers. We then plot the source loca-

tions of BBSAN as contours at specific frequencies. Contour

plots corresponding to fully-expanded jet Mach number

Mj ¼ 1:611 at two different Strouhal numbers, St¼ 0.5094

and St¼ 1.0235, are shown in Fig. 8. These Strouhal num-

bers correspond to the peak frequency and the first harmonic

frequency for BBSAN.

At St¼ 0.5094, the source locations are roughly located

between 7 D and 9 D. Podboy25 observed that the peak

source location is between 8 D and 15 D for the same jet con-

dition. Seiner and Yu21 found that their source location is

between 6 D and 10 D or between the 4th and 6th shock-cell

for a different jet. Qualitatively, the sources from the current

model for peak BBSAN are located at the end of the poten-

tial core, where the growth of large-scale instabilities is at a

maximum. Also, the length scale of large-structures is

approximately similar to the shock-cell spacing. This corre-

sponds to a variety of experimental results.18,19,21,25 We note

that the source locations in the present model are correctly

predicted unlike the Morris and Miller13 model, which pre-

dicted their maximum strength as being near the nozzle exit.

For the first harmonic corresponding to St¼ 1.0235 in

Fig. 8(b), the source locations have shifted upstream in the

FIG. 8. (Color online) Source locations corresponding to (a) St¼ 0.5094 and (b) St¼ 1.0235 for Mj ¼ 1:611.
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flow. The maximum amplitude of the sources in Fig. 8(b) is

almost half when compared to the sources in Fig. 8(a). The

contour plot for source strength at different axial locations for

each Strouhal number corresponding to the Mj ¼ 1:734 case is

shown in Fig. 9(a), while the contour plot of shock locations is

shown in Fig. 9(b). Following Lovely and Haimes,44 the shock

is detected from the RANS solution as r�p �Mi=jr�pj. To

obtain the BBSAN source strength, we integrate the source

terms in the y- and z-direction at each frequency and axial

location. The maximum BBSAN intensity is located at the end

of the potential core at a distance between 7 D and 11 D. The

maximum intensity corresponds to the primary peak of

BBSAN and is observed at the peak Strouhal number. Also,

the maximum intensity at each Strouhal number is marked

with a black dot in Fig. 9(a). This maximum intensity corre-

sponds to the shock-cell locations shown in Fig. 9(b). For the

higher harmonics of BBSAN, the source location gradually

shifts upstream towards the nozzle. However, the intensity

reduces as we move away from the peak Strouhal number. A

similar trend of the source location is observed at other jet con-

ditions. However, the dominant source locations are located

near the end of the potential core.

IV. CONCLUSIONS

A model for BBSAN using an acoustic analogy

approach based on the Navier-Stokes equations has been

developed. The source term for BBSAN was determined by

eliminating various terms using the physical mechanism of

shock-noise generation. A vector Green’s function is derived

from the governing equations for the propagation of

BBSAN, and the resultant Green’s function is substituted

into the convolution integral with the BBSAN source term to

obtain a closed-form model for spectral density of acoustic

pressure. These terms are evaluated using RANS CFD

results, as well as theoretical and experimental models.

A number of empirical and semi-empirical assumptions

have been made in order to identify and model the BBSAN.

A model for two-point space-time cross-correlation by

Ribner34 was used to simplify the two-point cross-correla-

tion into its magnitude and normalized correlation. The

multiplication of the anisotropic velocities for scaling analy-

sis was modeled using the turbulent kinetic energy. RANS

CFD turbulence model is used for the scaling analysis as

well as the arguments for the prediction model. In order to

predict BBSAN, we used Gaussian functions in the normal-

ized two-point cross-correlation for the ease of performing

an analytical integration. The anisotropic velocity in the pre-

diction model is calculated based on the Pope’s composite

spectra40 and on the work of Ishihara et al.41

BBSAN predictions are performed using the newly cre-

ated model, and they compare favorably with the experimen-

tal results. Source location predictions are made based on the

model and it was observed that the peak noise sources are

located downstream in the potential core. The source loca-

tion follows some of the experimental observations that the

peak noise is radiated by the interaction of weak shocks with

the large-eddies in the shear layer. However, for higher har-

monics of BBSAN, the peak locations shift upstream.
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